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In this supplement, we investigate the finite sample performance of the bandwidth
selection rule from Section 4.3 by means of a simulation study. Moreover, we
provide the proofs and technical details that are omitted in the paper.

1 Additional Simulations

We now investigate the performance of the bandwidth selection procedure proposed in
Section 4.3 of the paper. To do so, we pick one of the clusters from our simulation setup
of Section 5 and simulate data from this cluster. In particular, we consider the cluster
G5 with ns = |G5| = 10 and g5(x) = 1.75 arctan(5(z — 0.6)) + 0.75 and draw data from

the model equation
Yie = g5(Xa) tea (1<i<ns 1<t <T), (S.1)

where the model variables X;; and €;; are generated in exactly the same way as in the
simulations.

As discussed in Section 4.3 of the paper, our bandwidth selection procedure is based
on minimizing the residual sum of squares criterion RSS§j )(h) for different pairs of

indices (i, 7). More precisely, we define our bandwidth selector by

h=g R,
1<(<L
where L = n;/2 and /I;Z(j) = argminhRSSEj)(h). As already discussed in Section 4.3, I
can be regarded as an approximation to the optimal bandwidth A* in a mean integrated
squared error sense, which is defined as h* = arg min, MISE;(h). Note that under the
conditions of Section 4.3, MISE;(h) is the same for all 1 < i < nj and thus h* is a
group-wide optimal bandwidth independent of .



To examine the finite sample behaviour of the bandwidth estimator ﬁ, we draw N =
1000 samples from the setting (S.1) for each time series length 7" € {100, 150, 200, 500}
and compute the bandwidth h for each simulated sample. To do so, we define an
equidistant grid G of step length 0.01 which spans the interval [0.025, 0.5] and minimize
the criterion functions RSS,LQ )(h) over all bandwidth values h € G. The optimal band-
width h* can be calculated to be approximately 0.225,0.205,0.195,0.165 for the time
series lengths 7" = 100, 150, 200, 500, respectively.

Figure 1 summarizes the simulation results. Each panel shows the distribution of the
differences h* — h for a specific time series length T". In particular, the bars in the plots
give the number of simulations (out of total of 1000) in which the difference h* —h takes
a certain value. The plots of Figure 1 suggest that h approximates the optimal value h*
reasonably well. They also make visible that the precision of the estimator h improves
quite slowly as the sample size grows. This is not surprising as the convergence rate of
standard bandwidth selectors (based on cross-validation or penalization techniques) is

known to be very slow; see e.g. Hardle et al. (1988).
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Figure 1: Simulation results for the bandwidth selection procedure from Section 4.3. Each
panel depicts the distribution of the differences h* — h for a specific time series length 7". The
optimal bandwidth h* is approximately 0.225,0.205,0.195,0.165 for T = 100, 150, 200, 500,
respectively.



2 Technical Details

In this section, we provide the proofs and technical details omitted in the paper.

Throughout the section, the symbol C' denotes a universal real constant which may

take a different value on each occurrence.

Proof of Lemma A.1

To prove the lemma, we modify standard arguments to derive uniform convergence

rates for kernel estimators, which can be found e.g. in Masry (1996), Bosq (1998) or

Hansen (2008). These arguments are designed to derive the rate of sup,, |m;(x)

—m;()]

for a fixed individual 7. They thus yield the rate which is uniform over x but pointwise

in 4. In contrast to this, we aim to derive the rate which is uniform both over x and 7.

To do so, we write

ﬁzl(x)—m r) = [Qi,V( )+QzB le ]/fz

where

QZV ZWh it T Ezt
Qz B T Z Wh it T -T) [mz(th) mZ(x)}
1 1 O
Qin(x TZWh it =T (n_lz{ j(th)"'SgtD
J#Z
1 T
z Z X +€1t}
_ t:1 n T
z_<n_1TZZ Jt +83t]

and ﬁ(x) =TS0 Wi (Xi — ). In what follows, we show that

&%;‘Eﬁ]'@v A= Orleni)
1285, 24p, Qe (@)~ BQus(l] = Oy ea)
5 2, (9] = Oln

~ logT

e S;;g]?fl E[fz-@ﬂ!—(%( Th)'
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Moreover, standard bias calculations yield that maxi<i<, sup,¢;, [E[Q;5(2)]| = O(h?)

along with max;<i<, sup,eio 11, [E[Qi5(2)]| = O(h). Analogously, max;<i<,Sup,eg,
|E[fi(x)]| = O(h?) and max;<;<, SUD,e(0.1\1, |E[f:(z)]| = O(h). Finally, a simplified
version of the arguments for (S.2) shows that max;<i<, |Q;] = O,(a,r) as well as

max <i<p |52| = Op(anr). Lemma A.1 immediately follows upon combining (S.2)—(S.5)
with these statements. O

Proof of (S.2). Set ¢, 7 = (nT)Y®=9 where 6 is introduced in (C3) and § > 0 is a
small positive number. Moreover, define

5i§t = €it1(’5it| < 7vbn,T)

eir = el (leul > Ynr).

With this notation at hand, we can rewrite the term Q; v (z) as

T
Qi,V($) = ZZth +ZZ;T
t=1
where
Z5 (1) = (Wi(Xy — 2)e;; — E[Wi( Xy — 2)e3]) /T

We thus split Q;y(z) into the “interior part” 3, Z;}T(x) and the “tail part”
Zthl Z;T(x). This parallels the standard arguments for deriving the convergence rate
of sup,¢jo,1) |Qi,v ()] for a fixed individual i. As we maximize over i, we however choose
the truncation sequence v, 7 to go to infinity much faster than in the standard case
with a fixed 1.

We now proceed in several steps. To start with, we show that

max sup ZZ;T(x)) = Oy(an7). (S.6)

This can be achieved as follows:

( max sup ‘ g Zir(x ‘ > anT>

1 n
<Zp<ziﬁtp1 TZW*L(X“_’”)gi > 57
—|—ZP< sup —ZE Wi (X — x)e; } > ag’T)

xz€(0,1]



With the help of assumption (C3), we obtain that

zp( sup zwh -

z€[0,1]
< ZP(lsM > Y for some 1 < ¢ < T) < C(nT)~75 = o(1),

afn,T)
>
2

Once more applying (C3), it can be seen that

|E[Wh(Xi — 2)e;]| <E

E; 0
Wh(Xi — x)E |:w0t‘l L(|eie] > @Dn,T)’Xit}]
n, T

SO

< C’(nT)_Z%

-1
]

with some constant C' independent of z. Since C(nT)” ¢ < a, r/2 as the sample size

grows large, we arrive at

Z]P’( sup

z€[0,1]

1 T
T = E[Wi(Xy — 2)e;]
t=1

for sufficiently large sample sizes. This yields (S.6).

We next have a closer look at the expression Y, ZiT(I)' Let 0 =20 <21 <...<
xr, = 1 be an equidistant grid of points covering the unit interval and set L = L, 7 =
Uy /(anrh?). Exploiting the Lipschitz continuity of the kernel W, straightforward

calculations yield that

T T
< <
max Sél[lopl]’ > Zit,T(ﬂf)\ < max gggg) > Zit,T(xe)‘ + Canp. (S.7)
<ign peoy) | & <i<n i<(<

We can thus replace the supremum over x by a maximum over the grid points .
Moreover, it holds that

IP’( max max
1<i<n 1<4<L,

T
Z ZiT(l’g)‘ > Coan,T>
t=1

~

n

= Z ZPQ i Zi%,T(xf)‘ > Coan,T)7 (S.8)

i=1 (=1

where () is a sufficiently large constant to be specified later on. In what follows, we

show that for each fixed x,,

IP’(‘ ZT: ZiT(:cg)) > Cotnr) < CT, (S.9)
t=1



where the constants C' and r are independent of x, and r > 0 can be chosen arbitrar-
ily large provided that Cj is picked sufficiently large. Plugging (S.9) into (S.8) and

combining the result with (S.7), we arrive at

T

Z iwr(@ )— p(@n,T), (S.10)

z€]0,1] 1

max sup
1<i<n

which completes the proof.

It thus remains to prove (S.9). To do so, we split the term S, ZiT(:Ug) into blocks

as follows:
T qn, T an,T
Z irlw) =3 Bri+ ) B
t=1 s=1 s=1
with By = ZZ’ST_I)T P4l ZET(SL@), where 2¢, r is the number of blocks and r,r =

T/(2¢,.r) is the block length. In particular, we choose the block length such that
1 = O(T") for some small 7 > 0. With this notation at hand, we get

qn, T

(’ZZM #0)| > Coanr) <P<‘ZBQS 1

dn,T O
+P(| 3 Ba| > anr).
s=1

C
> 7()@” T>

2

As the two terms on the right-hand side can be treated analogously, we focus attention
to the first one. By Bradley’s lemma (see Lemma 1.2 in Bosq (1998)), we can construct
a sequence of random variables B}, B, ... such that (a) B}, Bj, ... are independent, (b)
Bys_1 and Bj, ; have the same distribution for each s, and (c) for 0 < p < ||Bas_1||oo,

P(|Bj, | — Bas_1| > 1) < 18(||Bas—1lloo/1)?a(r.r). With these variables, we obtain
the bound

qn, T

(5

C
> %%,T) <P+ P,

where
Gn,T
(‘ Z B23 1

an,T

(] 2 (Baos = Bia)| > %a,ﬂ).

Using (c) together with the fact that the mixing coefficients a(-) decay to zero expo-

> —CLn T)

nentially fast, it is not difficult to see that P, converges to zero at an arbitrarily fast

polynomial rate. To deal with P, we make use of the following three facts:



(i) For a random variable B and A > 0, Markov’s inequality yields that

E exp(+AB)

P(+£B>4) < xp(%0)

(ii) We have that |Bas_1| < Cprprt,r/(Th) for some constant Cp > 0. Define A\, r =
Th/(2Cpry, s 1), which implies that A, 7|Bas_1] < 1/2. As exp(z) <1+ z + 2?
for |x] < 1/2, we get that

E[GXP ( + )\n,TBQS—l)} <1+ >\317TE[(325—1)2] < exp (Ai,TE[(st—l)z})

along with
E|:6Xp ( + )‘TL,TB;S—I)] S exp (Ai,TE[(B;s—l)ﬂ ) .

(iii) Standard calculations for kernel estimators yield that
qn,T
’ C
E[(B3,_1)?] < =
Z |:( 2871) i| — Th
Using (i)—(iii), we arrive at
qn,T
(| 5| > Fons)
qn,T n, T
(ZBQS 1> CLnT> < ZBQS 1> anT>
C qn,T qn,T
0
< exp < = I)\MTGJ”,T) { [exp < ”TZB2S 1)} —i—E[exp ( nTZst 1)} }

< exp < - %)\mTan’T) {ﬁE[exp (A Bs,_y } + %ﬁE[exp (- )\n,TB;s_l)} }

s=1

qn, T

2exp(——>\nTanT>HeXp( TE (B3s_1) D

IN

qn, T

= 2exp ( 040 An,T0n T) exp (Ai,T Z E[(B3,_1)’] )
s—1

Co C
<2exp (= “Dhurans + A7),
< Zexp g T T + AT Th
Recalling that n/T < C and T?/°h — oo by assumption, setting 6 to a value slightly
larger than 4 and supposing that a, r = T-1/10 it follows that

eXp<_£)\nTanT+)\ ¢

4 nTTh) ST?T? (S]‘l)



where the constant » > 0 can be made arbitrarily large by picking Cy large enough. If
we strengthen (C3) to be satisfied for some 6 > 20/3 and choose the block length to be
TnT = \/(Th)/( »rlogT), (S.11) even holds for a, 7 = /logT/(Th). From (S.11), it
immediately follows that P, < CT~", which in turn completes the proof of (S.9). [

Proof of (S.3). The statement follows essentially by the same arguments as those for
the proof of (S.2). O

Proof of (S.4). Define Z;; = (n—1)"*>" (m;(Xjt) + €j¢) and write

=1,

1
T

[M] =

Qi (z) = Wi(Xis — x) Zis. (S.12)

t=1

By construction, the time series processes { Xy : 1 <t < T} and {Z; :1 <t < T} are
independent of each other. Moreover, by Theorem 5.2 in Bradley (2005), the process
{Zy + 1 <t < T} is strongly mixing with mixing coefficients that are bounded by
na(k). (S.4) can thus be shown by applying the arguments from the proof of (S.2) to
(S.12). O

Proof of (S.5). The overall strategy is the same as that for the proof of (S.2). There
is however one important difference: In the proof of (S.2), we have examined a kernel
average of the form 7! thzl Wi (X — x)Zy with Zy = €. As the variables €;; have
unbounded support in general, we have introduced the truncation sequence v, r and
have split &;; into the two parts 5 and &;;. Here in contrast, we are concerned with the
case Z;; = 1. Importantly, the random variables Z;; = 1 are bounded, implying that
we do not have to truncate them at all. Keeping this in mind and going step by step
along the proof of (S.2), we arrive at (S.5). O

Proof of Lemma A.2

Under the conditions of the lemma, it holds that for any pair of indices 7, j € Gy,

A — Qiv(@) + Qip(x)  Qjv(z)+Q;p(x) 271' x)dw
A= (B )

with Q;v(z), Qi p(x) and ﬁ(m) defined as in the proof of Lemma A.1. Using the

arguments from Lemma A.1, one can show that

logT
?g%f zsel[lol,)ﬂ ‘QW@)‘ N Op( Th >
log T
(1) ~ EQup()]| = 0k )



max sup ’f:(a:) — fl(w)’ = Op< log I + hz)

and

ElQus(a)] = () W(e)ede) (mi(a) () + EEIEDY o ogp)

uniformly for i € G and = € I,. Applying these uniform convergence results and

~

noting that max; jeq, Aij = max; jeq, i<j Nij, it is not difficult to see that

max A;; = max / (Qi,v(iﬁ) - Qj’v(x)>27r(x)dx + 0p<#>.

1,j€G Nen fi() fi(z)
1<)

Next define .
Ui,T = Z Clg?ffis&t,

s,t=1
where a!) = T2 [ Wh(Xis — 2)Wi( Xy — x)m(x)/ f2(x)dx for s # t and al) = 0 for
s = t. Similarly, for i # j, let

T

_ (i)
Ujr =Y ay ey

s,t=1

with al?) = T2 [ Wy, (X;s — 2)Wi(Xj — 2)m(z)/(fi(z) f;(2))dz and define

T
1 2 2 W(x)
Bir = /ﬁ ; Wi( Xy — x)es, ff(m)dx'

With these definitions at hand, we can write

. . 2
max / (QZ’V(:U) — QJy(@) 7(z)dz = max {U;r — 2U;jr + Ujr + Bir + Bjr}.

Gk fi(x) fi(x) $€C
Below we show that
log T
max [V | = 0075517 (5.13)
log T
o]0, (50 s
Moreover, similar arguments as those for the proof of Lemma A.1 yield that
1
max |Bir — E[B;r]| = o, (W) (S.15)
1 o?(z)m(z) 1
E[Bir] = = (f Wi p)dp) | e+ 0( ) S.16
Bl = 7 UWee) [ 8w o(5) 619



uniformly in ¢. Combining (S.13)-(S.16) and noting that E[B; r] + E[B, 1] = B;;/(Th)

+O(T~1) uniformly in i and j, we arrive at

max Al] = max / (Q”/(x) — Qj’v(x)>27f(3?)da: + Op(#>

i,j€Gx ZJGGk (35) f](x)
B 10gT>
o 1,j€G Th Th1/2 .
1<j

To complete the proof, it thus remains to verify (S.13) and (S.14).

Proof of (S.13). Define the matrix AY = (ja% NI,—, and AP = Zst (a!?)2 We
first show that

1

max |47 = 0,(7) (5.17)
1

max AY =0, (77) (5.18)

where ||A§,f) || denotes the spectral norm of Ag). By definition, ||Agf) || is the largest abso-
lute eigenvalue of Ag,f). As the diagonal elements |a,§?| of Ag,f) are all zero, Gerschgorin’s

theorem says that the largest absolute eigenvalue of Agf) is bounded by

_ i)
= Z o
Standard calculations yield that
~6) _C 1 &
2 < 7 uax Z Wi (Xis — Xit),
where Wj,(z) = h™*W(xz/h) and W(x f o, W(z + ¢)dp. One can easily show that

(a) (W(z)| < C, (b) W(z) = 0 for all |z| > 2C4, and (c) [W(z) — W(2')| < L|z — 2|
for some constant L. Hence, similar arguments as those from Lemma A.1 yield that

) _C 1 <&
A Sffel[tpuTz;Wh(x_Xit)
C T
< — = EWy(z - X; ’
i T; (Wil — X))
C 1 «
T 2 Dt et =l

~o(%) o)D)

10



uniformly over ¢. As a result, we get that max;<;<, ||A§f)|| < maxi<i<n = O,(T™),
thus completing the proof of (S.17). To see (S.18), note that | W), (X;s — 2)Wi(Xi —
x)m(z)/f?(x)dx < C/h. Keeping this in mind, we obtain that

uniformly in 7, taking into account that 7* Zthl Wi (Xit — ) = Op(1) uniformly over
1 and x.

We now let X, r = (Xq1,..., X, Xot, ..., Xor, ..., Xoa, ..., Xour) be the vector of
the regressors X;; and define the event

B ' () logT y _ logT
ET - {Xn,T : 121%}%|’AT H < T and lrg%);AT < T2h }

y (S.17) and (S.18), it holds that P(Er) — 1. Hence,

log T log T
P (Uil > Cugy i ) =P e [Vial > Cogy 5 Er) + o)
logT
< Z]P’<|U2T| ey )+o(1)
log T
= ZP( ET |UzT| > CUThl/Q) +O(1).

We further write

log T
Th1/2

log T

]P’(l(ET) |Uir| > Cy THi?

) _ E[]P’(l(ET) Usr| > Cy

)

and derive an exponential bound on the conditional probability P(1(Er)|U; 7|
Cylog T/(ThY?)| X, 7). To do so, we make use of the following result, which is im-
mediately implied by the proof of the theorem in Wright (1973).

Theorem. Define
T

Ur = Z Ast (nsnt - ]E[Usﬁt])

sit=—T

and suppose that the following conditions are satisfied:

11



(i) {n;: =T <t < T} is a sequence of independent random variables with zero means.
For some constants M, v > 0, P(|ne| > ¢) < M [ exp(—vr?)dr for all =T <t < T
and all ¢ > 0.

(ii)) For =T < s,t < T, ag are real numbers with agy, = a;5 and Ap = th:_T a?, <

C < 0. Let Ap = (|ax])l,—_; and denote the spectral norm of Ap by || Arl|.

There exist constants C, and Cy depending only on M and ~y such that for every 6 > 0,

C,o Cy? })

IED(UT > (5) S exXp < — min{m, A_T

Setting ag? = 0 whenever s < 1 or t < 1, we can write U;r = thsz agi)giseit and

directly apply the above theorem. This yields

logT
P(l(ET) |Ui,T| > CU% Xn,T)

1/2 2 1/2)2
< oxp ( B min{CaCU logT/(Th )7 CyC(logT/(Th'?)) })
logT/T log T'/(T?h)

= exp ( _ CbC[2] IOg T) — T—CbC?J

for sufficiently large sample sizes T'. As a result,

log T 2
P Warl > Curgis) < nT=F +o(1) = 1)
for Cyy chosen sufficiently large. n

Proof of (S.14). First of all, note that we can write

Qiv(2)Q;v(7)
fi(z) fi(x)

with Q;v(z) =T~ Zthl Wi (X — x)ei. The arguments from the proof of Lemma A.1
show that

Uij,T = W(;C)dx

logT
IP’( max Sup] |Qiv(z)] > Cq OTgh > =o(1)

1<i<n pepo 1

for Cg chosen sufficiently large. Now let Er be the event that max;sup, |Q;v(z)| <

Coy/1logT/(Th) and E; 1 the event that sup, |Q;v(z)| < Coy/logT/(Th). Then

logTy log T

P25, |Varl > Coya) = P(, 2, 1V | > Comya: Br) +of1)
log T

< > P(|vuxl >OU%,ET)+0(1)

1<i<j<n

12



and

log T’ log T’
P(|U¢j,:r‘ > CUW, ET) = P(l(ET)‘Uij,T‘ > CUTh1/2>
log T
< P(l(Ej7T)|UZ’j’T‘ > CU—Thl/Q)
T
1 log T
~P((3 Y wsres| > o R),

where we set

[ WX = 2) Quv (@)U Eyr)
war= [ S e

Noting that w;;r < C'y/logT/(Th), one can show that

1 T
P(’ T ; Wij TEqit

where r > 0 can be made arbitrarily large by choosing Cy; large enough. This implies
that

logT' .
> Cumar) <CT

P( max ’Uijj‘ > OU logT

1<i<j<n TH1/2

) —o(1)

for Cy sufficiently large. O

Proof of Theorem 3.3

We focus attention on the proof of the distribution result (3.2). The convergence result
(3.1) follows by slightly modifying the arguments of the proof. In a first step, we replace
the estimator g by the infeasible version

e 1 .

i) = — > i(x)

n
k 1€Gg

and show that the difference between the two estimators is asymptotically negligible:

For any null sequence {a, r} of positive numbers, it holds that
P([f(2) = Gile)] > anr)
< P(!@c(:r) ~Gi(@)| > anz, Gy = Gk) +P(Gy # Gy) = o(1),

since the first probability on the right-hand side is equal to zero by definition of g and g;
and the second one is of the order o(1) by Theorem 3.1. Hence, |gx(z)—0;(x)| = Op(an1)

for any null sequence {a, r} of positive numbers, which in turn implies that

VaRTh(ge(z) — ge(x)) = VARTh(gi(z) — gi(z)) + 0,(1).

13



The difference between gj, and g; can thus be asymptotically ignored.

To complete the proof of Theorem 3.3, we derive the limit distribution of the
term 7 Th(g;(r) — gr(x)): Since P(fy, # ni) = o(1) by Theorem 3.1, it holds that
VIRTh(G; (7)) — gr(7)) = Vi Th(g;(x) — gr(x)) + 0,(1). It thus suffices to compute the
limit distribution of v/n,Th(g;(z) — gr(z)). To do so, write

i) — mi(z) = [Qiv(x) + Qin(x) — Qinl2)] /filz) — Qs + Qs

where Q; v (), Qi5(z), Qi~(z) along with Q,, 51 and ﬁ(:c) are defined in the proof of
Lemma A.1. With this notation at hand, we obtain that

\/n Th( ) — gr(x )
— /miTh {nkz@v ZQZB ZQM 1 Z(@ 51)}
\/_

ice, [i(®) kica, Jil kica, Jil "k i

e Th {nszzv ZQzB ZQm } (1)’

i€EGy, Z(I ’LEGk 7‘ ’LEGk Z

the last line following by standard calculations. In the sequel, we show that

Z sz _ ( niﬁ) (8.19)
Z sz n_ Z QZV;@ n 0p< niTh) (S.20)

zEG’ Z
Q’L B Q’L B 1
zEZGk z Z z < nkTh> (8.21)

(S.19)—(S.21) allow us to conclude that

e G, i(x) "k G, i(2)

(Ly Q) L Qulon )
(

With the help of a standard central limit theorem, the first term on the right-hand side
can be shown to weakly converge to a normal distribution with mean zero and variance
Vi(z). Moreover, standard bias calculations yield that the second term converges in

probability to the bias expression By (z). This completes the proof. O

14



Proof of (S.19). In a first step, we show that

Z Qw Z Qm w] _ <—n,1§Th>' (S.22)

’LEG Z zEGk I

To do so, we write R, = R, + R, 2, where

Defining Z;(z) = E[W,,(X; — z)] — Wi,(Xi — ), the first term R, ; can be expressed

as

We thus obtain that

E[R},] = Z Z N

zzGGk ];éz 1( 2E l’( )]

J'#i T
( Z 1,1 ,,5" bt ,5,5" (x)), (S.23)

t,t' s,s'=1

where we use the shorthand

\Iji,i',j,j’,tt’,s,s’ (ZL’) = E[Zn(l’)Wh(XZS — x){mj (st> + 8]'5}
X Zi’t’ (%)Wh(Xils/ — x){mj/(Xj/S/) + gj’s’}} .

Importantly, the expressions W, ;v s+ (x) in (S.23) have the following property:
U, iievss(x) # 0only if (a) i = 5/ and ¢/ = j or (b) j = j'. Exploiting the mixing
conditions of (C1) by means of Davydov’s inequality (see Corollary 1.1 in Bosq (1998)),
we can show that in case (a), |T* Z:t,@s,:l Yiir jirarss(®)] < ClogT)?/(Th)?* and

in case (b),

R C(log T)®/(T®h?) for i # i’
)ﬁ Y Viigiarss (@) < S s o
(s =1 C(logT)?/(T*h*) fori=7
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Plugging these bounds into (S.23), we immediately arrive at R, = o0,(1/v/niTh).
Furthermore, with the help of Holder’s inequality and (S.5), we obtain that

Roa < { max sup (E[ﬁ@]—ﬁw}{ Z( ZW‘”’ *u- )™

1sisngepa) E[fi(z)]2fi(z) i€Gp
G E S ) ")
JF#i

= Op<<\/ loﬁhT>2h1/4(n1_ 1)1/2> - OP<\/%>’

which completes the proof of (S.22).

In the next step, we show that

—Z Qw; — o, T;Th). (S.24)

ZEG

To do so, we derive the convergence rate of the second moment

|| - 3 e

Elfi(2)] Y it B E [fz( )]

J'#
( Z‘I’zw“/x>, (S.25)

tt'=

where Wiy ;00 () = E[Wh (X — 2){m;(Xje) + €} Wa(Xow — 2){my (Xjw) + €5 1.
Similarly as above, U, ;s ; i, #(x) # 0 only if (a) ¢ = j' and ¢/ = j or (b) j = 5. Applying
Davydov’s inequality once again, we get that in case (a), |72 ZZt’:l U, (2)] <
C'logT/T and in case (b),

C/T for i #4'
‘_Z\Ijzz g3’y tt’ = . )
= C/(Th) fori=7i.

Plugging these bounds into (S.25), we easily arrive at (S.24). The statement (S.19) now
follows upon combining (S.22) with (S.24). O

Proof of (S.20) and (S.21). By arguments similar to those for (S.19),

1 Z sz Z Q“i _ <—niTh> (S.26)

zGGk Z lEGk
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for ¢ € {V, B}. With the help of standard bias calculations, we further obtain that

L Qielz) 1 Qi) _, 1
"tk ezc::k E[fi(z)] ezG:k i(z) P<m> (S.27)

Combining (S.26) and (S.27) completes the proof. O
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