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In this supplement, we examine the finite sample performance of
our method by further simulations. In addition, we provide the proofs
that are omitted in the paper.

1. Simulations. In what follows, we continue the simulation study
from Section 7.1 of the paper. As announced there, we examine a volatility
model together with a multivariate extension of it. The univariate model is

(S.1) Xor = a(%)at,

where o is a time-varying volatility function and e; are i.i.d. residuals that
are normally distributed with zero mean and unit variance. This is the same
model as discussed in the application on the S&P 500 returns in Section
7.3 of the paper. Our aim is to estimate the time point where the volatility
function o starts to vary over time. We consider two different specifications
of o,

o1(u) = 1(u<0.5)+2-1(u>0.5)
o) = 1(u < 0.5) + {1+ 10(u — 0.5)} - 1(0.5 < u < 0.6) + 2 1(u > 0.6),

both of which are equal to 1 on the interval [0,0.5] and then start to vary
over time. Thus, ug = 0.5 in both cases. Analogously to the time-varying
mean setting, o1 has a jump at ug = 0.5, whereas o2 smoothly deviates from
its baseline value 1.

The multivariate extension of model (S.1) is given by the equation

t
(82) Xt,T = E(T)Et’
where Xy 7 = (Xt 71, Xt7T’2)T are bivariate random variables, 3(u) is a 2 X 2-
matrix for each time point v and & = (€t71,5t72)T are bivariate standard
normal i.i.d. residuals. Since ¥?(1) := X(4:)27(§) = E[X; 7 X] 7], the time-
varying matrix $?(%) is the covariance matrix of X; 7. Our aim is to estimate
1
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the time point where this matrix starts to vary over time. Put differently, we
want to localize the time point where the covariance structure of X; r starts
to change. The stochastic feature of interest is thus the vector of covariances
AT = (l/t(}jll), Vt(}j’?), Vt(i;Q))T, where y(fj’f) = E[X;7:X¢1;]. We consider two

different specifications of the volatility matrix 3,
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AAT = (015 Oi5> , or put differently, A = (

and o1(u) along with o9(u) are defined above. Both matrices 1 (u) and
Yo(u) are constant on the interval [0,0.5] and then start to vary over time.
Hence, as in the univariate case, ug = 0.5.

T =500 T =1000
)
]
12} n [%2]
c c o
2 e 9
8 g “
S o =
£ O £ o
£ 8 £ 8
© ©
s s o
£ s £ 8
g2 ~ 2
© e e © e e
0.1 03 05 0.7 09 0.1 03 05 0.7 09
N N
Uo Uo
T =500 T =1000
8
2 < 2
S o g
g 8 8 o
S ® S5 9
E E ¥
o 8 2
o W S o
o - o
2 8 s«
g < £
3 3
c (= o
© [ R e e B B © L N B |
0.1 03 05 0.7 09 0.1 03 05 0.7 09
A A
Uo Uo

Fig 1: Simulation results for model (S.1) with the volatility function o7 (upper
panel) and the function oy (lower panel).

We implement our method as described in Setting I of Section 6 in the
paper and let @ = 0.1, h = 0.2 as well as b = 0, exploiting the fact that
the simulated data are independent. The resulting estimator is denoted by
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Ug. For each model specification, we draw N = 1000 samples of length
T € {500,1000} and compute the estimate of uy for each draw. The results
are presented by means of histograms in the same way as in Section 7 of the

paper.
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Fig 2: A typical sample path of length T' = 500 for model (S.1) with o5.

We first discuss the results on the univariate model (S.1). The upper panel
of Figure 1 presents the histograms for the design with o1, the lower panel
those for the design with oy. The results are fairly similar to those from the
time-varying mean setting: Our method is again able to detect the point ug
quite precisely in the jump design with o;. The histograms in the setup with
o9 are a bit more dispersed, reflecting the fact that it is harder to localize a
gradual change than a jump.
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Fig 3: Simulation results for model (S.2) with the volatility matrix X1 (upper panel)
and the matrix Yo (lower panel).
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Figure 2 shows a typical sample path of length 7" = 500 for the design (S.1)
with o9. As can be seen, the increase in the volatility level is hardly visible
close to ug = 0.5 and only becomes apparent with some delay. It is thus
natural that our procedure detects the time-variation in the volatility level
only with a bit of delay. This produces the upward bias in the histograms
which becomes less pronounced in larger samples.

We next turn to the results for the bivariate model (S.2). The histograms
for the model with ¥; are displayed in the upper panel of Figure 3, those
for the design with 35 in the lower panel. Overall, the estimates give a good
approximation to the true value ug, those in the jump design with ¥; being
a bit more precise than those in the gradual change design. Moreover, the
histograms again make visible an upward bias which is comparable in size
to that in the univariate setting.
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Fig 4: Simulation results produced by our method in model (7.1) with the mean
function ug defined in (S.3).

We finally investigate the performance of our procedure when the smooth
change point ug occurs very early in the sample. In particular, we examine
the extreme case that ug = 0. To do so, we go back to the time-varying mean
setting (7.1) from Subsection 7.1 of the paper and consider the function

(8.3)  ps(u)=10u-1(0 <u<0.2) +{2—-25(u—0.2)}-1(u>0.2).

The simulation results for this design are depicted in Figure 4 and show that
our method detects the time-variation rather quickly. Of course, it is only
able to detect it with some delay which becomes smaller when moving to
the larger sample size T = 1000.
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2. Technical details. We now prove the main theoretical results of
the paper. Throughout the section, the symbol C' denotes a generic con-
stant which may take a different value on each occurrence. Moreover, the
expression | X ||, = (E|X|?)!/? is used to denote the L,-norm of a real-valued
random variable X.

Auxiliary results. Before we turn to the proofs of the main theorems,
we derive some technical lemmas which are needed later on. To formulate
them, we introduce some additional notation. To start with, partition the
observations {X;r :t =1,...,T} into blocks of size ¢, where the r-th block
spans the observations from time point (r—1)g+1 to rq and we set ¢ = CT®
for some small b > 0 (in particular b < i) Now define

W (k. K) = sup ’Z Qrr(f )
along with
1 (2r—1)gAT
Qrr(f) = > (f(Xur) - Ef (X))

V(K — k:-f—l)qt (@ D)gt1

The terms Q,7(f) are scaled sums of the variables f(X;7) — Ef(X; 1),
the summation running over the observations of the (2r — 1)-th block. The
expression Wr(k, k') sums up the terms Qg 7 (f), ..., Qw r(f) which corre-
spond to the odd blocks (2k — 1), (2k + 1), (2k + 3),...,(2k" — 1). The next
two lemmas provide a bound on the Ly-norm of Wr(k, k’).

LEMMA A.1.  Let assumptions (C1) and (C2) be satisfied and let fo € F
have the property that E\fo(Xt7T)|(1+5)p < C for some even p € N and a
small 6 > 0. Then

k/
S et <c
P
r=Fk
for some sufficiently large constant C.

PrOOF OF LEMMA A.l. To shorten notation, write w,r = fo(X¢7) —
E fo(X¢7) and bound the term

Vi = Vr(k, k) [(ZQTT )]
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1

(K" =k +1)q)/2
(2r1—1)gNT (2rp—1)gAT

%
X Z Z ... Z ‘E[wtl,T .- wtp,TH

T1,.,Tp=k t1=(2r1—2)¢+1 tp=(2rp—2)q+1

Vr <

P! (2K'—1)gAT
S - Z |E[wtl,T...wt 7TH.
((k/ —k+ 1)Q)p/2 1, tp=(2k—2)g+1 '
t1<...<tp

Let (t1,...,tp) be a tuple of ordered indices, that is, t; < ... < t,. We say
that the index ¢; has a neighbour if |t; — t;—1] < C*logT or |t; — ti11] <
C*logT for some large constant C* to be specified later on. Moreover, t;
is said to have exactly one neighbour if either |t; — t;—1| < C*logT and
|t; — tit1] > C*log T or vice versa. Finally, we call (¢;,_1,t;) a pair of neigh-
bours if |t; — t;—1| < C*logT. Now let S< denote the set of ordered tuples
(t1,-..,tp) € {(2k—2)g+1,..., (2K —1)g AT}? such that each index ¢; has
a neighbour. In addition, let S5 be the set of tuples such that at least one
index does not have a neighbour. With this notation at hand, we can write
Vr < VTS + V7, where for ¢ € {<, >},

p!
Vi=——— E: [Efwr, 1w, |-
— p/2 1, Py
(K —k+1)q) (t1,tp)ESe

We now analyze the two terms VTS and V7 separately. For the investiga-
. <
tion of V", define

S<.o={(t1,...,tp) € S< | each index t; has exactly one neighbour}

together with S<, = S< \ S< 4. First suppose that (t1,...,t,) € S<,4. In
this case, there are exactly p/2 pairs (tg;—1,t2;) of neighbours (recalling that
p is even by assumption). Using Davydov’s inequality (see e.g. Corollary 1.1
in Bosq (1996)) to bound the covariances of the mixing variables w; r and
exploiting the fact that the mixing coefficients are decaying exponentially
fast, we obtain that

|E[’wtl,T e ’U)tva”
S ‘E[wt17th27T]E[wt3’T e ’ll)tp,TH + |Cov(wthth2,T, Wz, T - - - ’UJtP’T)‘
= ‘E[wtl,thQ,T]E[wtg,T .. wtp,TH + O(OZ(C* log T)f)



SUPPLEMENTARY MATERIAL 7

= ‘Cov(wtl,T, Wy ) Elwe .. wtp,TH + O(a(C’* log T)f)

p/2
S ‘H Cov(wt%fl,T? wtgi,T)’ + O(Tﬁy),
i=1

where £ > 0 is a sufficiently small number and the constant v > 0 can be
made arbitrarily large (by choosing the constant C* sufficiently large). This
implies that

a p!
VTS’ = / Z ‘E[wt T Wt T]l
— p/2 1, P
(W —k+ D)= s

p/2
p!
S Cerrsr D IR | CUUNSEENIEED

(t1,-5tp)ES< @ =1

< P!
=0k + g
p/2 [C*logT] (2K'—1)gAT

I Y X [Covwnmwner)])+o()

=1 =0 toi—1=(2k—2)q+1

<C !
T (W =kt 1gp?
[C*log T /2
(K =k +1)a?( Y a@)f) +o() <C
=0

for some sufficiently large constant C', where the last line again uses Davy-
dov’s inequality to bound the covariance expressions in the formula.

Next consider the sum VTS’b corresponding to indices in the set S< ;. The
cardinality of this set is bounded by C((k' — k + 1)¢q)%~*(log T)2 !, which
implies

|

p:
<,b - ‘E[wt T...Wt TH
V=0 — 7 g 1, D>
((k k )2) (tl,..A,tp)€S<,b

(logT)p/2+1 B 0(1)
- (K —-k+1)q
(noting that ¢ = T?). This shows that the term VTS is bounded.

Finally, we examine the term V3 corresponding to the index set S-. By
definition, the tuples contained in this set have at least one element, say t;,
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without a neighbour, that is, |t; —t;+1| > C*logT and |t; —t;—1| > C*log T
Exploiting the mixing conditions on the model variables in a similar way as
above, we obtain that

E[wtl,T e wtp,T]
=Elwy, 7 ... wy,_, T|E[wy, 1 .. wi, 7] + Cov(wy, 7. Wy 7, W T - W, T)

= E[wtl,T e wtiil,T]COV(wthT, Wt 1, T - - - wtmT) + O(T_V) = O(T V),

where v can be chosen arbitrarily large (if C* is chosen large enough). Re-
calling the definition of V', this yields that V7 = o(1). Putting every-
thing together, the quantity Vr is seen to be bounded. This completes the
proof. O

LEMMA A.2. Let (C1) and (C2) be satisfied. Moreover, assume that for
some even p € N and some small § > 0,

|y e

for all functions f, f' € F. Then for any fo € F,

Wk, K)]|, < G(Hi Qur(fo) +/diamm N (w/2, F.dz) VPdw).
r=k P Jo

where N'(w, F,dr) denotes the covering number of (F,dr) and diam(F)
= sups per dr(f, f') is the diameter of F.

PrOOF OF LEMMA A.2. The claim immediately follows from Theorem
2.2.4 and Corollary 2.2.5 in van der Vaart and Wellner (1996) (see their
remark on p.100 before Subsection 2.2.1). It thus suffices to verify the con-
ditions of Theorem 2.2.4. In particular, we have to show that

154 k'
B[S Qur(h) = 3 Qur(r|] < caz(r, 1y
r=k r=k

for some sufficiently large constant C. To prove this, we introduce the nota-

;
) ) ) - )
o dr(f, 1) dr (1, 1)

|
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and consider

k/
! QrT(f)_QrT(f,) p
— k k; — ) )
Ve = Vi) =Bl S )
1
= ((k:’—k+1) o/
(2r1—1)gNT (2rp—1)gAT

X Z Z ce Z ‘E[wtl,T s wtp,TH

T1,.- ,p—k’tl (2T1 2)q+1 tp:(Qrp—Q)q-i-l

P! (2K'—1)gAT
S - Z |E[wtl,T...wt 7TH.
((k/ —k+ 1)Q)p/2 1, tp=(2k—2)g+1 '
t<--<tp

Repeating the arguments from Lemma A.1, we can show that Vi is bounded,
thus completing the proof. ]

Proof of Theorem 5.1. To show that Hy = vT[Dy — D] weakly con-
verges to H, it suffices to prove that

(S.4) H$ :=VT[Dr —EDr] ~ H
together with

(S.5) VT sup  |EDy — D|=o(1),
(u,v,f)EAXF

where HS is the centred version of Hy. We start with the proof of (S.5).
Making use of condition (C4), we obtain that

S

LuT] LuT]

B[] = = > E[f(x:(5))] +o)

1 =

([uT] %
\FZ/ E[f(X¢(w))]dw + o(1)

_\F/ ))]dw + o(1)

5=

t

ﬁH

uniformly with respect to u € [0,1] and f € F. From this, (S.5) immediately
follows. To verify (S.4), we show weak convergence of the finite dimensional
distributions of flfp as well as stochastic equicontinuity of flrfp In particular,
we derive the following two results.
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PROPOSITION A.1. For any finite number of points (u;, v;, f;) with 1 <
1 <mn, it holds that

(H§ (ur, 01, 1), oy H (0, o, f2))T ~2 N(0,5),
where ¥ = (Zij)lgi,jgn and Zij = COV(H(ui,’Ui, fl), H(Uj, Uj, f]))

PROPOSITION A.2.  The sequence of processes f]% 1s asymptotically sto-
chastically equicontinuous, that is, for any e > 0,

(S.6) %1{11 limsupIP’( sup  |HS(u,v, f) — ﬁ%(u',v’,f’)! > 6) =0.

0 79 lu—u’|+|v—v
+dx(f,f)<s

d

To prove these two results, we make use of the notation
~ ~ v A
i (u,0,f) = Gr(v, f) = (=) Gr(u. ),

where
[uT]

Gr(u, f) = fz f(Xir) —Ef(Xir)).

Combining Propositions A.1 and A.2, the statement (S.4) follows from a
standard functional central limit theorem (see van der Vaart and Wellner

(1996)).

PRrROOF OF PROPOSITION A.1. We first calculate the asymptotic expec-
tation and covariances of the process H7. As the process is centred, it holds

that E[H$%(u,v, f)] = 0. Moreover,

V102

(S.7) Cov(H(ur,v1, fr), Hf(us, v2, f2)) = . E[Gr(u1, f1)Gr(uz, f2)]
- 77 E[Gr(v1, /1)Gr(us, f2)]
- 77 E[Gr(u1, 1)Gr(v2, f2)]
+E[Gr(v1, f1)Gr(va, f2)].

In what follows, we show that

R R 0 min{ui,u2}
(S.8) E[Gr(ui, f1)Gr(ug, f2)] = Z /0 co(w)dw + o(1)

{=—00
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with ¢g(w) = ¢p(w, fi1, f2) = Cov(f1(Xo(w)), f2(Xe(w))). Plugging (S.8) into
(S.7) yields

Cov(ﬁ%(uhvlv f1)7 I:IIC“(U% V2, fZ))
= Cov(H(ul,vl, fl), H(ZLQ, Vg, fg)) + 0(1).

Hence, the covariances of ﬁ% converge to those of the Gaussian process H.

To show (S.8), we assume without loss of generality that u; < us. Ex-
ploiting the mixing condition (C2) by means of Davydov’s inequality, it can
be seen that Cov(fi(X¢r), f2(Xs1)) < Cafls — t))* < Cafl*=! for some
a < 1, a sufficiently small £ > 0 and a large enough constant C. We thus
obtain that

E[Gr(u, f1)Gr(uz, f2)]
lurT| [uaT ]

=2 3 Y Cov(AlXur), H(Xar)
t=1 =1

[ur T [u2T |

> Yls—t] < C*log THCov (fi(Xi 1), fo(Xs1)) + 0(1)

t=1 s=1
= Q)+ Q) + Q) +o(1)

1
T

for some sufficiently large constant C*, where the random variables ng ) (j=
1,2,3) are defined by

[C*log T T—¢

Q’El“l):% > N 1{t<mT) t+0 < [upT]}
=1 t=1

x Cov(f1(Xe,r), fo(Xiter))

[u1T|
9 1
Q(T) == ; Cov(f1(Xe,r), f2(Xer))
o 1 [C*logT] T
3
Qr =7 ; tze:ﬂl{té Tt = < [T}

x Cov(fi(Xer), fo(Xi—e1))-

By assumption (C4), it follows for ¢ < [C*log T'] and any w with |w— 4| < %
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that
cire = Cov(fi(Xer), fo(Xever))
l
— Cov(fl (Xt<%>),f2<Xt+é<t; ))) —|—O(1T)
— Cov(fl (Xt<%>),f2<Xt+e<%>>> -l-O( IO;ET)

log T)
T )

the last line defining ¢y(w) in an obvious manner. From this, it is easy to
see that

1 [C*logT| T—¢ [C*logT| T—¢ % log T
= ard = Y. S [ lawlde+0(losT)ET)
{=1 t=1 =1 t=1""T
[C*log T

1 (0]
_ e; /0|0g(w)|dw+o(1ogT,/1§T).

Because of the mixing assumption (C2), the left-hand side of this equa-
tion is bounded as T — oo and consequently » ;2 fol co(w)dw is absolutely

convergent. Therefore we obtain for the term Q(Tl ) as T — oo (recall that
uy < ug)

=1 t=1 YT
e log T
:Z/ CZ(w)dw—kO(logT O? )
=170

and similarly

“ log T
Qg?):/o co(w)dw+0<logT g’ﬂ )

Qg) = i/m c_g(w)dw + O(logT logT)
=179

T

Putting everything together, we arrive at (S.8).
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Having calculated the asymptotic covariance structure of HE., we now
apply a central limit theorem for mixing arrays of random variables (see e.g.
Liebscher (1996)) together with the Cramér-Wold device to obtain weak
convergence of the finite dimensional distributions. O

PROOF OF PROPOSITION A.2. Straightforward calculations show that

sup ‘ﬁ%(u7v7f) — ﬁ%(u/71)/’f/>}

fu—u/ | +|v—v/|

+dr(f.f)<s . R
<2 sup |Gr(u, f)—Gr(, )|
e

+2 sup ‘GT(U7 f) _GT(uv f/)‘

dr(f,f)<s
u€[0,1]

+2 sup }52 7 GT (u, f) ‘ )| +2  sup |G’T(u, f)’
uw€el(0,1] u€[0’51/2+n]
fer feFr

for some small 1 > 0. Therefore, stochastic equicontinuity follows from the
statements

(S.9) hm hmsupIP’< sup |Gr(u, f) — G/, f)’ > 5) =0
N0 Too lu—u!|<6
feF
(S.10) l1m l1msupIP’< sup  |Gr(u, f) — GT(u,f') > 6) =0
NO T dx(f,f")<6
ue [0,1]
(S.11) hm hmsupIP’< sup ’62 " Gr(u, | > 6) =0
T—00 ue(0,1]
fer
(S.12) hm hmsupP( sup ‘GT u, f)| > E) = 0.
T— 00 €lo,61/2+m
fer

(S.9)—(S.12) can be shown by very similar arguments. We thus restrict our-
selves to the proof of (S.9).
First of all, observe that for any function g : [0,1] — R, the inequality

sup |g(u) —g(u)| < max - sup |g(u) — g(u;)|
Ju—u'|<68 ‘7:17”'7[1/5—‘ uE[u]'_l,uj-]
u,u’ €[0,1]
max sup  |g(u) — g(u;)]

j:l,...,[l/(ﬂ u’E[Uj_Q,Uj+1]

holds, where u_; = ug = 0, uj; = jé (j = 1,...,[1/6] — 1) and upy /5 =
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uri /5141 = 1. From this, it is easily seen that (S.9) is a consequence of

S.13 lim limsup P max sup  sup )G u, f
( ) N0 70 <J Lo [1/01 weluj 1 ,uj] fFEF 7 )

- Cr(jo. )| > ¢) =0,
In the sequel, we derive a suitable bound for the probability

Pr(d,e) = max sup squ U Gr(j0, >
r(%:¢) <] Lo 1/8] uefuy 1 5] FEF r(u. f) = Cr(J f)‘ >

n (S.13). To start with, we crudely bound this probability by Pp(d,e) <
23[1:/161 Pr;(d,¢), where

Pr;(6,e) = IF’( S s Gr(u, f) — Gr(jd, f)’ > 8)
u€uj_1,u;

:P(m | ‘GT( f) —G*T(jé,f)‘ >s).

8T | <t<|joT| fe]?

To bound the probabilities Pr ;(6,¢), we write

| 2L
Griia. f)~ Cr(%f) =B+ Y Burlh) + By (5)

r=[£1+1
Here, B, r(f) are blocks of length ¢ given by

Tq

Z (f(Xer) —Ef(Xer)),

t=(r—1)g+1

Br,T(f) =

5/~

where we set ¢ = CT? for some small b > 0 (specifically, b < i) as in the
discussion of the auxiliary results. In addition,

BS(f Z f(Xer) —Ef(Xer))

T
B (f) = jT (F(Xox) — EF(X,7))
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denote the first and the last block, respectively. With this notation at hand,
we obtain

125
q
Pr ;(9,6¢e) < IP’( max su ‘ B ’ >45)
730,66 < B i oy rer Z: rlf)
r=[1+1

max sup |B& > 6)

<L(j—1)6TJ§£§Lj6TJ fe?r| r ()l

+P(sup |Bf (f)] > ¢)
fer
= PTJJ(&, 46) + PTJ',Q((S, 8) + PT7]'73<(5, 6).
The terms Pr ;o and Pr ;3 can be bounded by fairly straightforward ar-

guments: Applying a maximal inequality (see e.g. Section 2.1.3 in van der
Vaart and Wellner (1996)), we get that

|y oy 2215 (]

< C(6T)Y/P max o | B |
a ( ) L(j—l)éTjgzgugTJer‘I;| T (f)|Hp
Moreover,
9 [<1q
0+
sup [Br' ()| < —= ) F(Xir
fe]-'| r (/)] ﬁt:%;l (Xe,7)

and by the moment conditions on the envelope F' in (C3), it holds that
| supser IBEF ()|l < Cq/V/T. Hence, by Markov’s inequality,

Pra(8,6) < e Be (|
r42(0,€) <€ HL(j_l)alTrjagiguaTJ iggl T (f)al

qg \P
< CdT(—) = o(1
~vr) =W
for T — oo given that ¢ = T? with b < %. By analogous considerations,
Pr 3(d,¢) can be bounded in the same way. To deal with Pr 1, we split it
up into two parts:

Prji(d,4¢) < A(TO) +A£r1)



16 VOGT, M. AND DETTE, H.
with

B

©) _
S (e ] S Bua(r)] > 2

T <L<] 1)671“Ijli}]§<"jéT-‘ ?161.17?— Tz:k 2 17T(f) > E)

As the two terms can be treated in the same way, we restrict ourselves to
Ag,} ), Applying a version of Ottaviani’s inequality for a-mixing processes
(which has the form stated in Chapter 10.2 of Lin and Bai (2010) and can
be proven by the arguments therein), we obtain that

B
IP’(sup Z BQ,_LT(f)’ > E) + %a(q)
) feF T:L(J—;)‘STJ
s.14) AW < :

1— max P(sup i BQT,LT(]")‘ > 6) |

(=1sT 8T =
[T <k<[401 MeFl | Gober

In order to bound the right-hand side of (S.14), we make use of the random
variables

(2r—1)gAT

1
S S X, 1) — Ef(X,
e (Z)q+1(f( ) —Ef(X:1))

and Wr(k,k') = supscr| Zf/:k Qr7(f)|, which we have introduced at the
beginning of the section when discussing the auxiliary results. Combining
Lemmas A.1 and A.2 and noting that fodiam(f) N(w/2, F,d)"/Pdw is finite by
assumption (C3), we get that E[|Wr(k, k)[P] < C < oo for some sufficiently
large constant C. This implies that

Qr,T(f) =

(sup’ZBQT Lr( ’>€> :IF’<WT(k,k’) >

feF

evVT )
(k' —k+1)q

<y (k) p) (B b )"

C((k:’ _€§T+ 1)q>p/2'

IN
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Specifically, whenever (k — k' + 1)q < 6T,

op/2

(S.15) ]P’(sup‘kzl BQT_LT(f)‘ > 5) <C

fer r=k 2

With (S.15), it is easy to see that the denominator in (S.14) is bounded
away from zero for ¢ sufficiently small and to infer that

Using an analogous bound for the term A(TO ), it follows that
[1/6]

Pr(5,e) < S Prj(s,e) < CH (5:;2 + ‘Za(q) + 5T(€5T)p).

J=1

This yields that lims\ g limsupp_,o, Pr(d,e) = 0 and the assertion (S.13)
follows. By the discussion at the beginning of this proof we obtain (S.9),
which implies stochastic equicontinuity. O

Proof of Theorem 5.3. The proof is an immediate consequence of the
following two statements:

(816) P(ﬂo(TT) < UO) = 0(1)
(S.17) P(ao(rr) > uo + Kvr) = o(1)

for some sufficiently large constant K > 0.

PROOF OF (S.16). It holds that

]P’(\/T@T(u) > 7p for some u < u0>
< IP’(\/TD(u) + Hp(u) > 7 for some u < uo)
P

< <us€1[101;)1} ff-CT(u) > TT>,

where the second inequality follows from the fact that vTDp(u) < VTD(u)+
Hr(u) and the third one exploits the fact that D(u) = 0 at points u < uo.
From Corollary 5.2, we know that sup,c Hrp(u) = Hp(1) converges in
distribution to H(1). Moreover, the distribution function F' of H(1) is con-
tinuous on [0, 00) by the results of Section 3 in Lifshits (1982). We can thus
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infer that the distribution function Fr of ]I:]IT(l) uniformly converges to F'
on [0,00). As a result, we obtain that

P(Hr(1) > 77) =1 — Fr(rp) = [1 — F(r7)] + [F(rr) — Pr(rr)] = o(1),
which in turn yields (S.16). O
PROOF OF (S.17). Similarly as above, we can write
P(ﬁo(TT) > ug + K’)/T)
< P(ﬁ@T(U,) < 77 for some u > ug + K'yT>

< IP’(\/TD(u) — Hp(u) < 7 for some u > ug + K'yT),
the last line following from the fact that vVTD(u) — Hp(u) < VT Dr(u).

Next notice that .
min D(u) > 7CH(KWT)
u€[uo+Kyr,1] 2
for sufficiently large T, which follows upon inspection of (5.1). This allows
us to infer that

P(\/TD(U) — Hp(u) < 7 for some u > ug + K'yT)

Teo(Kvp)s -
< P(W —Hir(1) < 7r) < P+ B,
where
VTen(Kvp)® .
P = P((QW) (1) < mp, Hp(1) < bT)

Py = IP’(HT(l) > bT)

and by is some diverging sequence of positive numbers satisfying by /70 — 0.
As already seen in the proof of (S.16), it holds that P» = o(1). Moreover,
Py = 0 for sufficiently large T if we set yr = (7p/v/T)Y* and choose K to
be sufficiently large. This shows (S.17). O

Proof of Theorem 5.4. We first derive (5.12) which says that
P(do(7a) < up) < o+ o(1).
It holds that
P(tio(7a) < uo) < P(ﬁ@qw(u) > 7, for some u < uo)
P(VTDr(ug) > 70)
P(Hr(up) > 7a)-

IN
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We now make use of the following fact which is a direct consequence of the
results from Section 3 in Lifshits (1982):

(x) For each u, the random variable

H(u) =sup sup |H(v,w, f)]
feF 0<w<vLuy

has a distribution function which is continuous on [0, c0).

By (%), we obtain that

P(Hr(uo) > o) = P(H(u) > 7a) + [P(HT(UO) > 7o) — P(H(up) > Ta)}
=P(H(uo) > 7a) +0(1) = a + o(1),

where the last equality is due to the fact that 7, = ga(uo) is the (1 — «)-
quantile of H(up). From this, (5.12) immediately follows. The statement
(5.13) can be proven by the same arguments as for (S.17) in the proof of
Theorem 5.3. U

Proof of Corollary 5.5. Let gq(uy) be the (1 — a)-quantile of H(uy,)
and gq(u) the corresponding quantile of H(u). We first show that for any «
with 0 < a < 1,

(818) QOz(un) - Qa(u)

as u, — u. To do so, let d denote the natural semimetric on A x F introduced
in Subsection 5.2. Moreover, let C,(A x F,d) be the space of uniformly
continuous functions on (A x F,d) and define the functionals

My (z) = My, (z) = sup  sup  |z(v, w, f)]
feF 0<w<v<un
M(z) = My(z) =sup sup |z(v,w, f)]
feF 0<w<v<u
for x € Cy (A x F,d). Elementary arguments show that

M(z)= lim M,(y),

n—00,y—T

where z and y are elements of C, (A x F,d). Using this together with the
extended continuous mapping theorem (see e.g. Theorem 1.11.1 in van der
Vaart and Wellner (1996)), we obtain that

My, (H) -5 M(H),
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or put differently,
H(un) % H(u),

since M, (H) = H(u,) and M (H) = H(u). From this, we can infer that the
quantile functions converge as well, thus arriving at (S.18).

Next let @ be a consistent estimator of ug. By (S.18), the quantile func-
tion g, (-) is continuous at each point wu, in particular at ug. Hence,

(S.19) Fo = Galiio) — Ta = dal(uo).

Moreover,

]P’(ao(i'a) < uo) < P(\/T@T(u) > 7, for some u < uo)
IP(\/TDT(U()) > f'a)
P(Hr(ug) > 7a)-

VAN

Since Hr (ug) N H{(up) and the distribution function of H(uo) is continuous
on [0,00) by (%), the distribution function of Hyp(ug) uniformly converges to
that of H(ug) on [0, 00). Hence,

P (B (uo) > 7o) = P(H(uo) > 7a) + [P(Br(uo) > 7) = P(H(uo) > 7a)]
]P)(H(UO) > 7A'a) + 0(1).

Finally, as 7o = 7o + 0p(1) and the distribution function of H(ug) is contin-
uous by (x), we obtain that

P(H(uo) > 7o) = P(H(uo) > 7a) + 0o(1) = a + o(1).

This completes the proof of (5.14). The statement (5.15) can again be shown
by the same arguments as for (S.17) in the proof of Theorem 5.3. O

Proof of (5.11). To start with, write

MSE: (rr) = B[ { / V(T Dy () < 7Y

uo
2

_ /Ouo [1 - 1(VTDr(u) < TT)]du} 1(Hp(1) < bT)]

and note that

(S.20) VTD(u) —Hp(1) < VTDr(u) < VTD(u) + Hp(1).
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On the event that Hy (1) < by, it holds that

(S.21) 0< /Ouo [1-1(VTDr(u) < 7r)]du
< /Ouo [1 - 1(VTD(u) + by < 7r)]du
_ /Ouo [1— 1(br < 77)]du =0

for sufficiently large T', where the second line follows by (S.20) and the third
one uses the fact that D(u) = 0 for u < ugp. (S.21) immediately implies that

1 . 2
(S.22)  MSE;(rp) :EH / 1(VTDr(u) gTT)du} 1(Hp(1) < bT)]
ug
for sufficiently large T. We now derive an upper and lower bound for the
right-hand side of (S.22): Using (S.20) and borrowing some arguments from
the proof of Theorem 5.3, we obtain that

MSE; (77) < {/1 \(VTD(w) < 77 + bT)du}2

uo

- { / ke 1(VTD(u) < 77 + bT)du}2 < (Chr)?

0

for some sufficiently large constant C' and large enough sample sizes T.
Similarly,

uo+Cryr

MSE; (77) > {/ l(ﬁD(u) < 77 — bT)du}2 > (Q”YT)2

uo

for a sufficiently small constant C' and large enough T, since by (5.1),
MaXyefug,u+Cryr] D (1) < 2¢4(Cyr)" and thus for u € [ug, up + Cyr],

1(ﬁ@(u) S T — bT) Z 1(2C,QQNTT S T — bT) =1

for large enough T' and sufficiently small C. O
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