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In this supplement, we provide the technical details and proofs that are omitted
in the paper. In addition, we report the results of some robustness checks which
complement the simulation exercises in Section 5 of the paper.

S.1 Proofs of the results from Section 3

In this section, we prove the theoretical results from Section 3. We use the following
notation: The symbol C' denotes a universal real constant which may take a different
value on each occurrence. For a,b € R, we write a; = max{0,a} and a Vb = max{a, b}.
For any set A, the symbol |A| denotes the cardinality of A. The notation X 2 Y means
that the two random variables X and Y have the same distribution. Finally, fo(-) and
Fy(-) denote the density and distribution function of the standard normal distribution,

respectively.

Auxiliary results using strong approximation theory

The main purpose of this section is to prove that there is a version of the multiscale
statistic @7 defined in (3.4) which is close to a Gaussian statistic whose distribution is

known. More specifically, we prove the following result.

Proposition S.1. Under the conditions of Theorem 3.1, there exist statistics Dy for
T =1,2,... with the following two properties: (i) (AIST has the same distribution as (/IST
for any T, and (ii)

~ T4
‘(I)T — q)T‘ = OI,(\/T + Pr\ 10gT),

where O is a Gaussian statistic as defined in (3.3).



Proof of Proposition S.1. For the proof, we draw on strong approximation theory
for stationary processes {¢;} that fulfill the conditions (C1)—(C3). By Theorem 2.1 and
Corollary 2.1 in Berkes et al. (2014), the following strong approximation result holds

true: On a richer probability space, there exist a standard Brownian motion B and a

sequence {&; : t € N} such that [e1,...,&r] 2 [e1, ..., er] for each T" and
t
= — 1/q
max, ‘ les O'B(t)‘ o(T"?) as., (S.1)

where 0 = )", ., Cov(eo, €x) denotes the long-run error variance. To apply this result,

we define

o= s, {22 0n).

(u h EQT

where ¢r(u,h) = S, wir(u, h)& and 3 is the same estimator as 62 with Yz =
m(t/T) + &; replaced by }7}1 =m(t/T)+ ¢ for 1 <t <T. In addition, we let

o= s {122 )

(u h GQT {

<I><>T:( GQT{‘M‘_ }

with ¢p(u, h) = S0 wyr(u, h)oZ, and Z, = B(t) — B(t — 1). With this notation, we

can write
‘E)T — (I)T‘ S ‘E)T - (I)%‘ + |(I)% - (I)T| = ’(’I;T - (I)%{ +0p(,0T\/10gT), (82)

where the last equality follows by taking into account that ¢z (u, h) ~ N(0,c?) for all
(u,h) € Gr, |Gr| = O(T?) for some large but fixed constant § and 52 = 02 + 0,(pr).
Straightforward calculations yield that

b — @5 <5 max |67 (u, h) — dr(u, h)|.

Using summation by parts, we further obtain that

|$T(u,h)—¢T(u,h)‘<WTuh max’Zes—aZ{B s—l)}‘

1<t<T
= max ‘ g gs — oB(t ’
1<t<T

where

T—1
Wr(u,h) =3 |wesrr(u, h) = wor(u, h)| + [wr(u, b))
t=1



Standard arguments show that max,pyeg, Wr(u, h) = O(1/v/Thmi,). Applying the

strong approximation result (S.1), we can thus infer that

|Pr — @3 <57" max |br(u,h) = r(u, h)|

(u,h)€GT
T1/q
~_1 o
<o Jax Wr(u,h 1@%’268 ’ - 0P<m>' (8:3)

Plugging (S.3) into (S.2) completes the proof. O

Auxiliary results using anti-concentration bounds

In this section, we establish some properties of the Gaussian statistic @7 defined in
(3.3). We in particular show that ®7 does not concentrate too strongly in small regions

of the form [z — d7, x 4+ dr] with dr converging to zero.

Proposition S.2. Under the conditions of Theorem 3.1, it holds that

supIP<|<I>T —z| < 5T) = o(1),

zeR

where 67 = TY9/\/Thy, + prv/logT.

Proof of Proposition S.2. The main technical tool for proving Proposition S.2 are
anti-concentration bounds for Gaussian random vectors. The following proposition
slightly generalizes anti-concentration results derived in Chernozhukov et al. (2015), in

particular Theorem 3 therein.

Proposition S.3. Let (Xi,...,X,)" be a Gaussian random vector in R? with E[X;] =
py and Var(X;) = o7 > 0 for 1 < j < p. Define i = maxi<j<,|p;| together with
0 = minj<j<,0; and ¢ = max<j<,0j. Moreover, set a, = E[max;<j<,(X; — p;)/0;]

and b, = E[max;<;j<,(X; — u;)]. For every § > 0, it holds that

sup[P’(‘ max X; —x‘ <5> < Co{f+a,+b,++/1Vlog(a/o)},

z€R 1<5<p

where C' > 0 depends only on ¢ and ©.

The proof of Proposition S.3 is provided at the end of this section for completeness. To
apply Proposition S.3 to our setting at hand, we introduce the following notation: We
write x = (u, h) along with Gr = {z : x € Gr} = {z1,...,2,}, where p := |Gr| < O(T?)

for some large but fixed 6 > 0 by our assumptions. Moreover, for j =1,...,p, we set

Til, T,
Xoj1 = Priepn tya) A(52)

g

Ti1, T
Xoj = Orlein i) A(zj2)

g
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with z; = (x;1, z;2). This notation allows us to write

1<5<2p
where (X7,...,Xy,)" is a Gaussian random vector with the following properties: (i)
pi = E[X;] = —A(zj2) and thus T = maxi<jcy, |p;| < CVlogT, and (i) o :=

Var(X;) =1 for all j. Since o; =1 for all j, it holds that as, = by,. Moreover, as the
variables (X; — p;)/o; are standard normal, we have that ag, = by, < /2log(2p) <
C+/logT. With this notation at hand, we can apply Proposition S.3 to obtain that

supP(|r — 2| < 5r) < Cor[+/log T + v/log(1/37)] = o(1)

z€eR

with 67 = Tl/q/\/Thmin + pry/log T, which is the statement of Proposition S.2. O

Proof of Theorem 3.1

To prove Theorem 3.1, we make use of the two auxiliary results derived above. By
Proposition S.1, there exist statistics & for T = 1,2, ... which are distributed as </I\>T

for any T > 1 and which have the property that

~ T4
‘(I)T_q)T‘ ZOp(\/T‘l‘PTVIOgT), (84)

where @7 is a Gaussian statistic as defined in (3.3). The approximation result (S.4)
allows us to replace the multiscale statistic EI\DT by an identically distributed version ®

which is close to the Gaussian statistic ®7. In the next step, we show that

sup |P(®r < ) — P(&r < 2)| = o(1), (S.5)

rzeR

which immediately implies the statement of Theorem 3.1. For the proof of (S.5), we

use the following simple lemma:

Lemma S.1. Let Vi and Wy be real-valued random variables for T = 1,2, ... such that
Vi — Wrp = 0,(07) with some 67 = o(1). If

SEEPOVT —z| < ér) = o(1), (S.6)
then
sup |P(Vy < z) — P(Wr < 2)| = o(1). (S.7)

zeR

The statement of Lemma S.1 can be summarized as follows: If W can be approximated

by Vr in the sense that Vi — Wy = 0,(0r) and if Vi does not concentrate too strongly



in small regions of the form [x — d7,z + dr] as assumed in (S.6), then the distribution

of Wr can be approximated by that of Vi in the sense of (S.7).

Proof of Lemma S.1. It holds that

E
E[{1(Vr <z) = 1(Wr < 2)}1(|Ve = Wr| < 67)]| + [E[1(|Ve — Wr| > 67)]|
S E[l(‘VT - l’| S 5T7 |VT - WT| S (ST)] + 0(1)
P(|Vr — x| < dr) + o(1). O

IN

We now apply this lemma with Vi = ®&p, Wy = & and dp = TV ) \/Thin + pr/1og T
From (S.4), we already know that &7 — ®7 = 0,(d7). Moreover, by Proposition S.2, it
holds that

SupP<|CI>T —a| < 5T> = o(1). (.8)

zeR

Hence, the conditions of Lemma S.1 are satisfied. Applying the lemma, we obtain (S.5),
which completes the proof of Theorem 3.1.

Proof of Proposition 3.2

To start with, we introduce the notation QZT(U, h) = @/Z)\%(u, h)—i—@//)\?(u, h) with QZ?(U, h) =
Zthl wer(u, h)e; and Jfﬁ(u, h) = Zthl wy,r(u, h)mp(%). By assumption, there exists
(uo, ho) € Gr with [ug — ho,ug + ho] C [0,1] such that m4.(w) > epy/log T/(Th3) for
all w € [ug — ho,up + ho). (The case that —m/p(w) > cp+/log T/(ThY) for all w can be
treated analogously.) Below, we prove that under this assumption,

~5 kery/log T

Yr (o, ho) > 5 (S.9)

for sufficiently large T, where £ = ([ K(o)pdp)/([ K*(p)pdp)'/2. Moreover, by
arguments very similar to those for the proof of Proposition S.1, it follows that

max |4 (u, h)| = O,(y/log T). (S.10)

(w,h)€GT

With the help of (S.9), (S.10) and the fact that A(h) < A(hpm) < C/logT, we can
infer that

-~

- DB (u, h A(u, h
\I/T Z max |wT(}\L7 )| — max {|¢T(/Z\L7 )| + )\(h/)}
(u,h)egT g (u,h)egT g
’(ZB u, h
= e % + Op(v/logT)



VdiegT
>~ 4+ 0,(vlogT) (S.11)
o
for sufficiently large 7. Since gr(a) = O(y/logT) for any fixed @ € (0,1), (S.11)
immediately yields that IP’(\TJT < gr(a)) = o(1), which is the statement of Proposition
3.2.

Proof of (S.9). Write my (%) = mg(ug) +mp (Eup.r) (% — o), where &, 1 is an inter-
mediate point between ug and t/T". The local linear weights w; r(uo, ho) are constructed
such that 27 wy.r(ug, ho) = 0. We thus obtain that

¢T Ug, h() Zth U()7 h() < ho >h0m,T(§uO7,57T>. (812)

Moreover, since the kernel K is symmetric and ug = t/T" for some ¢, it holds that

St.1(ug, ho) = 0, which in turn implies that

Wy T(UO> ho) (i ;Ou())

R AR () (R 20 s

From (S.12), (S.13) and the assumption that m/(w) > cp\/logT/(Th}) for all w €
[ug — ho, ug + hol, we get that

TZ Uo,ho > o4 /l;gh? Zwtr_p Uo,ho ( ho ) (814)

Standard calculations exploiting the Lipschitz continuity of the kernel K show that for

any (u, h) € Gr and any given natural number ¢,

T = = — — —
P L B LG (G KU ES e

where the constant C' does not depend on u, h and 7. With the help of (S.13) and
(S.15), we obtain that for any (u, h) € Gr with [u — h,u+ h] C [0, 1],

‘ iwtj(u, h)(% - u) - m/ﬁ) < \/% (S.16)

where the constant C' does once again not depend on w, h and 7. (S.16) implies that
ST wer(u, h)(% —u)/h > kV/Th/2 for sufficiently large T and any (u,h) € Gr with
[w—h,u+h] C[0,1]. Using this together with (S.14), we immediately obtain (S.9). O



Proof of Proposition 3.3

In what follows, we show that
P(ES) > (1 —a)+o(1). (S.17)

The other statements of Proposition 3.3 can be verified by analogous arguments. (S.17)

is a consequence of the following two observations:

(i) For all (u,h) € Gr with

~

Uruh) “BOr )| ) < gria) and 22 3y > gr(a),

it holds that E[tbr(u, h)] > 0.

(i) For all (u, k) € Gy with [u—h, u+h] C [0,1], E[tor(u, h)] > 0 implies that m’(v) > 0

for some v € [u — h,u+ h).

Observation (i) is trivial, (ii) can be seen as follows: Let (u,h) be any point with
(u,h) € Gr and [u — h,u + h] C [0,1]. It holds that E[@T(u, h)] = zzjff(u, h), where
¢2(u, h) has been defined in the proof of Proposition 3.2. As already shown in (S.12),

t
T u

T
DR (uh) = Y wyr(u, ) (L5—) b (€usr);
t=1

where &, ;7 is some intermediate point between u and t/T. Moreover, by (S.13), it
holds that wy r(u, h)(% — u)/h > 0 for any ¢. Hence, El{r(u, h)] = &?(u, h) can only
take a positive value if m’(v) > 0 for some v € [u — h,u + hl.

From observations (i) and (ii), we can draw the following conclusions: On the event

(\ Ur(u, h) —AE@ZT(U, h)

{(T)T <gr(a)} = { ( max =

u,h)€GT

—Am) ar(@)},

it holds that for all (u,h) € Af with [u — h,u + h] C [0,1], m'(v) > 0 for some
v € I, = [u—h,u+h]. We thus obtain that {7 < gr(a)} C EZ. This in turn implies
that

B(E}) > P(Br < qr(a) = (1 - a) +o(1),

where the last equality holds by Theorem 3.1.



Proof of Proposition S.3

The proof makes use of the following three lemmas, which correspond to Lemmas 5-7
in Chernozhukov et al. (2015).

Lemma S.2. Let (Wy,...,W,)" be a (not necessarily centred) Gaussian random vector
in RP with Var(W;) = 1 for all 1 < j < p. Suppose that Corr(W;, W},) < 1 whenever
J # k. Then the distribution of maxi<;<, W; is absolutely continuous with respect to

Lebesgue measure and a version of the density is given by

p

_ E[W;]z—E[W;]?/2 . o
= f, < =1).
f(x) f(x)Ze J PRP(Wy, < for allk # j|W; =)
j=1
Lemma S.3. Let (Wy, Wy,...,W,)" be a (not necessarily centred) Gaussian random

vector with Var(W;) =1 for all 0 < j < p. Suppose that E[Wy] > 0. Then the map
T > eE[WO}x’E[WO]Q/zlP(Wj <z for1<j<p | Wy = :r;)

15 non-decreasing on R.

Lemma S.4. Let (Xl,...,Xp)T be a centred Gaussian random vector in RP with
maxi<j<p B[X7] < 0% for some 0% > 0. Then for any r > 0,

P( max Xj > ]E[ max Xj] + 7“) < 6712/(20%().

1<j<p 1<j<p

The proof of Lemmas S.2 and S.3 can be found in Chernozhukov et al. (2015). Lemma
S.4 is a standard result on Gaussian concentration whose proof is given e.g. in Ledoux
(2001); see Theorem 7.1 therein. We now closely follow the arguments for the proof of
Theorem 3 in Chernozhukov et al. (2015). The proof splits up into three steps.

Step 1. Pick any x > 0 and set

By construction, E[W;] > 0 and Var(W;) = 1. Defining Z = max;<;<, Wj, it holds that

X; — )
]P( maij—x)§5>§P< max —2 $‘§—>
1<j<p 1<j<p 0 g
X; — I )
gsupIP’< max —2 x+u+x_y‘§_)
yeR I<j<p 0 a a

—supB(1Z -y < 2).

yeR g

Step 2. We now bound the density of Z. Without loss of generality, we assume that

8



Corr(W;, W) < 1 for k # j. The marginal distribution of W; is N(v;, 1) with v; =
E[W;] = (nj/o;+1/a)+(x/a—x/o;) > 0. Hence, by Lemmas S.2 and S.3, the random
variable Z has a density of the form

fo(2) = Jo(2)Gp(2), (S.18)

where the map z — G,(z) is non-decreasing. Define Z = max<;<,(W; — E[W}]) and
set Z = 2n/ag + x(1/a — 1/5) such that E[W,;] < Z for any 1 < j < p. With these

definitions at hand, we obtain that

[ i) < [ ey =B(Z > 2)

<P(Z>z-7%) §exp<—
where the last inequality follows from Lemma S.4. Since W; — E[W;] = (X; — ;) /0,
it holds that
E[Z] = E[ max {M}] =: ay.
gj
Hence, for every z € R,
2

(z — 52_ ap)+>‘

1

Gh(z) < 1— Fo(2)

exp < - (S.19)

Mill’s inequality states that for z > 0,

fo(2) 1+ 22
— 11— Fy(2) =2 2

Since (1 + 2%)/22 <2 for z > 1 and fo(2)/{1 — Fy(2)} < 1.53 <2 for 2 € (—o0,1), we
can infer that
fo(2)

]_——FMSQ(Z\/l) foranyzER.

This together with (S.18) and (S.19) yields that

(z—%— ap)2

fp(2) <2(zV1)exp < - 5 +> for any z € R.

Step 3. By Step 2, we get that for any y € R and u > 0,

y+u
P(|Z —y| <u) = / fr(z)dz <2u max f,(2) <4u(Z+ap+ 1),
y—u z€[y—u,y+ul

where the last inequality follows from the fact that the map z — ze—(zm0)*/2 (with

a > 0) is non-increasing on [a + 1, 00). Combining this bound with Step 1, we further



obtain that for any z > 0 and § > 0,

(
This inequality also holds for x < 0 by an analogous argument, and hence for all z € R.
Now let 0 < § < ¢ and define b, = Emax;<;<,{X; — p;}. For any |z| <0+ 7+ b, +

7\/2log(c /), (S.20) yields that
P(| s -] <9) < S {r (- 5) ron (G- 50

o T
+<Z—1) 210g<5>+2—§}

< Co{p+a,+b, ++/1Vlog(a/s)} (S.21)

max X —x’ < 5) < 45{ + yx|<— - 1) +ap+1}/a (S.20)

1<j<p

with a sufficiently large constant C' > 0 that depends only on ¢ and 7. For |z| >

d+ 7+ b,+7+/2log(a/d), we obtain that

IP’(‘ max X; —a:‘ < 5) < g, (S.22)

1<j<p

which can be seen as follows: If x > § + [, then |max; X; — z| < § implies that
|z| —§ < max; X; < max;{X; — p;} + 7 and thus max;{X; — u;} > |x| — 0 — fi. Hence,
it holds that

P

If < —(0 4+ 71), then |max; X; — x| < ¢ implies that max;{X; — pu;} < —|z|+ 5+ 7.
Hence, in this case,

P(

max X; — x‘ < 5) < IP( max {X; — p;} > |z| — 0 —ﬁ). (S.23)

1<j<p 1<5<p

maXX—w’<5)§ (maX{X W}S—]m\—i—d—i—ﬁ)

1<j<p 1<j<p

<P<max (X, = 1} > || —(5—ﬁ>, (S.24)

1<5<

where the last inequality follows from the fact that for centred Gaussian random vari-
ables V; and v > 0, P(max; V; < —v) < P(V} < —v) = P(V; > v) < P(max; V; > v).
With (S.23) and (S.24), we obtain that for any |z| > § + i + b, + 7+/2log(a/J),

P

maxX—a:‘<5)<IP’<max{X ,uj}2|x|—5—ﬁ)

1<;<p 1<5<p
_ )
< P(max (X = ) > B puax {X; - s} ] +7v/21oglefd)) < 2.

the last inequality following from Lemma S.4. To sum up, we have established that for

10



any 0 < 0 < ¢ and any x € R,

IP’(‘ max X, — x‘ < 5) < Co{fi+ap + b, + /1 VIog(a/)} (S.25)

1<j<p

with some constant C' > 0 that does only depend on ¢ and @. For § > ¢, (S.25) trivially
follows upon setting C' > 1/g. This completes the proof.

S.2 Proofs of the results from Section 4

In what follows, we prove Proposition 4.1 from Section 4. The notation is the same as
in the previous section. In particular, we use the symbol C' to denote a generic constant

which may take a different value on each occurrence.

Auxiliary results

To start with, we derive some auxiliary results needed for the proof of Proposition 4.1.

The first lemma analyses the term

T
1
(b, L) = o > et
=111

where /1,5 and L are natural numbers with 0 < /1, ¢, < L that may depend on the

sample size T, that is, L = Ly as well as {; = ¢, 7 and {5 = {y 7.

Lemma S.5. For any L = Ly with Ly/T — 0, it holds that
E[{e(t, 6. 1) = etz — 1)} = O(T7),

where 7. (¢) = Cov(ey, €4—¢).

Proof of Lemma S.5. Since the variables ¢; have the expansion ¢, = ZZOZO cpMi—r and
Ye(l) = (3 ope g CrCrpe)V?, it holds that

T
1
2 _
E[f (flafzaL)] = m E E[5t415t782€t/41€t/42],
tt'=L+1
where
E I:Etfél gtfez 5t’f€1 5t’f€2]
= < E Ck’ck-‘rél—626k+t’—tck+t/—t+€1—£2>K’ + < E Ckfck“rgl—ZQ) 1%
k=0 k=0
o0 2 [o.¢] o
4 4
+ < E Ck0k+t’—t> v+ < E Ckck+t’—t—€1+é2>< E Cka+t'—t+£1—£2>V
k=0 k=0 k=0

11



o0
2
= ( E Ckck+£1fégck+t’ftck+t’ft+€1722> k4720 — ls)
k=0

+ 2 =)+t —t— b+ ) —t+ b — o)

with k = E[ni] — 3v* and ¢ = 0 for k < 0. Noting that

E[{§<£17£27 L) = (b — 52)}2} = E[52(£1,€2, L)] - 752(51 —ly),

we can infer that

E[{f(&,éz,L) — Vel - €2>}2]

T

T 00
1 1
- (T — L)? E : ( E Ckck‘i’él*620k+t/*tck+t/*t+£1*£2)Kj + _(T —L)? § 2t 1)

tt/=L+1 k=0 tt'=L+1

T
1 , )
+<T_L)2 Z 7€(t _t_gl _'_62)75(15 —t—i‘gl—gg)
tt/'=L+1
=0(T),

the last equality following from the fact that the autocovariances 7.(¢) are absolutely

summable and the coefficients ¢, decay exponentially fast to zero. [

We next show that the empirical autocovariances

T
R 1
F() = 7— > AYir AYir

T —
q t=q+¢+1

of the process {A,Y; 1} have the following property.
Lemma S.6. For any q = qr with qT/\/T — 0 and any 1 < ¢ < p+1, it holds that

Yg(l) = 7q(£) = Op(T_l/z)»

where v,(0) = Cov(Ayer, Ager—r).

Proof of Lemma S.6. To analyse the term 7,(¢), we decompose it as follows:
7€) =7;({) + Ra + Rp + R,

where

T
o 1
q (0) = T——q Z Ager Dger—g
t=q+{+1
as well as Ry = (T —¢q)! ZtT:q+£+1 AmiAggr—o, Rp = (T —q)! Zfzq+€+1 JANNCWANN ) )

and Rc = (T —q)~! ZtT:q+£+1 AgmAgmy_g with Agmy = m(L) — m(*22). With the

12



help of Lemma S.5, it is straightforward to show that

:Y\;(E) —7(0) = Op(T_l/Q)'

Moreover, the Cauchy-Schwarz inequality yields that

T T
ER) < (o Y ) }E[ 1 Y (A
q t=q+0+1 q t=q+0+1

Since m is Lipschitz by assumption, we get that (T'—q)~* Z:tT:queJrl(Aqmt)2 < Cl(q/T)>
In addition, it obviously holds that E[(T — ¢q)~* ZtT:q+g+1(Aq€t—e)2] = O(1). Hence, we

can infer that )
st~ o((2)).

which implies that R4 = 0,(T~%/2). Similar arguments yield that R; = o,(T~/?) for
j = B,C as well. Putting everything together, we arrive at the statement of Lemma

S.6. [l

Proof of Proposition 4.1

We first show that the pilot estimator a, converges to a. In particular, we verify
that @, — @ = O,(T~Y/2). By Lemma S.6, it holds that 'y = Ty + O,(T~"/2) and
Yy =4+ Op(T71?). Since Ty is invertible, this implies that

a, =Ty, + 0,(T'?).
With the help of equation (4.10), we can further infer that
a,—a=-vT,"c,+ 0,(T~1?).

As already noted in Section 4.2, the entries of the vector ¢, = (¢, 1,...,¢cp)' decay
exponentially fast to zero, that is, |cx| < Cp* for some 0 < p < 1. Moreover, it holds
that v,(¢) = 27-(¢) for any fixed ¢ as ¢ — oco. Consequently, ||[*T, "¢l = o(T7/?),
where || - ||oo denotes the usual supremum norm for vectors. As a result, we obtain that
a, —a=0,(T7'?).

We next show that @, —a = O,(T~/?), where r > 1 is any fixed integer that does not
grow with the sample size T. By definition, it holds that @, = ', l(ﬁr + v%¢,). From
Lemma S.6, it follows that f;l =T, +0,(T7Y?) and 4, = v, +O,(T~Y?). Moreover,
with the help of the fact that a, — a = O,(T~/?), it is straightforward to verify that

72— 12 = 0,(T~?) and ¢, — ¢, = O,(T~1/?). Hence, we arrive at
a, =T, (v, +v%c,) + O,(T7V?) = a + 0,(T~?), (S.26)
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where the last equality is due to equation (4.10).
From (S.26), it immediately follows that @ —a = O,(T~'/2), which in turn allows us to
infer that 72 — 12 = O,(T~?) and 52 = 02 4+ O,(T~Y/?) by straightforward arguments.

S.3 Robustness checks and implementation details

for the simulations in Section 5

Robustness checks for Section 5.3

In what follows, we carry out some robustness checks to assess how sensitive the esti-
mators @ and &2 are to the choice of the tuning parameters ¢ and 7. To do so, we repeat
the simulation exercises of Section 5.3 for different values of ¢ and 7. In addition, we
consider different choices of the tuning parameters (m, mz) on which the estimators of
Hall and Van Keilegom (2003) depend. As in Section 5.3, we choose m; and ms such
that ¢ lies between these values. We thus keep the parameters ¢ and (m;, my) roughly
comparable.

To start with, we consider the simulation scenarios with a moderate trend (sg = 1).
The MSE values of the estimators @, Guyk, Goracle a0d 52, T4 5s 0 2acle fOr these scenarios
are presented in Figure 3 of Section 5.3. These MSEs are re-calculated in Figures S.1
and S.2 for a range of different choices of ¢, 7 and (my,ms). As one can see, the MSEs
in the different plots of Figures S.1 and S.2 are very similar. Hence, the MSE results
reported in Section 5.3 for the scenarios with a moderate trend appear to be fairly
robust to different choices of the tuning parameters. In particular, our estimators a
and o2 seem to be quite insensitive to the choice of tuning parameters, at least as far
as their MSEs are concerned.

We next turn to the simulation designs with a pronounced trend (sg = 10). The MSE
values of the estimators in these scenarios are reported in Figure 4 of Section 5.3.
Analogously as before, we re-calculate these MSEs for different tuning parameters in
Figures S.3-S.5. Figure S.4 is a zoomed-in version of Figure S.3 which is added for
better visibility. As can be seen, our estimators appear to be barely influenced by the
choice of q. However, the MSE values become somewhat larger when 7 is chosen bigger.
This is of course not very surprising: The main reason why the estimator @ works well
in the presence of a strong trend is that it is only based on differences of small orders.
If we increase 7, we use larger differences to compute @, which results in not eliminating
the trend m appropriately any more. This becomes visible in somewhat larger MSE
values. Nevertheless, overall, our estimators appear not to be strongly influenced by
the choice of tuning parameters (in terms of MSE) as long as these are chosen within

reasonable bounds.
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Figure S.1: MSE values for the estimators a, apyk

trend (sg = 1).
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Implementation of SiZer in Section 5.2

The SiZer methods for the comparison study in Section 5.2 are implemented as follows:

(a)

Computation of the grid G;.

To start with, we compute the variance of Y = 7! Z;‘le Y: 7, which is given by

T-1

Var(Y) = %;0) + % (1 . %)%(k).

e
Il

Since the autocovariance function v.(-) is known by assumption, we can calculate
the value of Var(Y) by using the formula v.(k) = v a‘ ‘/( — a?) together with the

true parameters a; and v? = E[n?]. We next compute

~—

7:(0

T = =
Var(Y)’

which can be interpreted as a measure of information in the data. For each point
(u,h) € Gr from (5.1), we finally calculate the effective sample size for dependent

data .
E > i1 Kn(t/T — u)
T K (0)

with Kj(v) = 'K (v/h) and set G = {(u, h) € Gr : ESS*(u, h) > 5}.

ESS*(u, h) =

Computation of the local linear estimators and their standard deviations:

For each (u,h) € Gi, we compute a standard local linear estimator mj (u) of the
derivative m/(u) together with its standard deviation sd(m},(u)). The latter is given
by sd(m),(u)) = {Var(m},(v))}/2, where Var(m} (u)) = e"Ve with e = (0 1)T and

V=(XTwWx) ' XTsXxX)(XTwx) !

The matrices X, W and X are defined as follows: ¥ is a T' x T" matrix with the

elements

S t
St 08 () (1)

Wis a T x T diagonal matrix with the diagonal entries K (t/T — u) and

1 (1/T —wu)
v _ 1 (2/T.—u)
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(c) Computation of the confidence intervals:

For a given confidence level o and for each bandwidth value h with (u, h) € G}, we

i =o((1-5)""),

where @ is the distribution function of a standard normal random variable, ¢ is

compute the quantile

the number of locations w in the grid Gy, and the cluster index 6 is defined on
p.1519 in Park et al. (2009). The confidence interval of mj (u) is then computed as

[, (w) = q(h) sd(my, (u)), Mg, (w) + g(h) sd(my, (u))].
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