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We develop new econometric methods for the comparison of nonparametric time
trends. In many applications, practitioners are interested in whether the observed
time series all have the same time trend. Moreover, they would often like to know
which trends are different and in which time intervals they differ. We design a
multiscale test to formally approach these questions. Specifically, we develop a
test which allows to make rigorous confidence statements about which time trends
are different and where (that is, in which time intervals) they differ. Based on our
multiscale test, we further develop a clustering algorithm which allows to cluster
the observed time series into groups with the same trend. We derive asymptotic
theory for our test and clustering methods. The theory is complemented by a
simulation study and two applications to GDP growth data and house pricing
data.
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1 Introduction

The comparison of time trends is an important topic in time series analysis and has a
wide range of applications in economics, finance and other fields such as climatology.
In economics, one may wish to compare trends in real GDP (Grier and Tullock, 1989)
or trends in long-term interest rates (Christiansen and Pigott, 1997) across different
countries. In finance, it is of interest to compare the volatility trends of different stocks
(Nyblom and Harvey, 2000). In climatology, researchers are interested in comparing the
trending behaviour of temperature time series across different spatial locations (Karoly
and Wu, 2005).

In this paper, we develop new econometric methods for the comparison of time trends.
(Classically, time trends are modelled stochastically in econometrics; see e.g. Stock and
Watson (1988). Recently, however, there has been a growing interest in econometric
models with deterministic time trends; see Cai (2007), Atak et al. (2011), Robinson
(2012), Chen et al. (2012), Zhang et al. (2012) and Hidalgo and Lee (2014) among others.

Following this recent development, we consider a general panel model with deterministic
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time trends. We observe a panel of n time series 7; = {(Vi, Xit) : 1 < t < T} for
1 <i < n, where Y}; are real-valued random variables and X;; = (X1, . .. ,Xit,d)T are

d-dimensional random vectors. Each time series 7; is modelled by the equation

t
Yii :mz<f> +/8;|—Xit+ai+5it (1.1)

for 1 <t < T, where 3B; is a d x 1 vector of unknown parameters, X;; is a d x 1 vector of
individual covariates or controls, m; is an unknown nonparametric (deterministic) trend
function defined on the rescaled time interval [0, 1], a; is a fixed effect error term and
E ={eyu: 1 <t <T}is azero-mean stationary error process. A detailed description of
model (1.1) together with the technical assumptions on the various model components
can be found in Section 2.

An important question in many applications is whether the nonparametric time trends
m; in model (1.1) are all the same. This question can formally be addressed by a

statistical test of the null hypothesis
Hy-m=my=...=m,

against the alternative Hy: m;(u) # m;(u) for some u € [0,1] and i # j. The problem
of testing Hy versus H; is well studied in the literature. In a restricted version of model
(1.1) without covariates, it has been investigated in Hérdle and Marron (1990), Hall and
Hart (1990), Degras et al. (2012) and Chen and Wu (2019) among many others. Test
procedures in a less restricted version of model (1.1) with covariates and homogeneous
parameter vectors (3; = [ for all i) have been derived, for instance, in Zhang et al.
(2012) and Hidalgo and Lee (2014).

Even though many different approaches to test Hy versus H; have been developed over
the years, most of them have a serious shortcoming: they are very uninformative. More
specifically, they only allow to test whether the trend curves are the same or not. But
they do not give any information on which curves are different and where (that is, in
which time intervals) they differ. The following example illustrates the importance of
this point: Suppose a group of researchers wants to test whether the GDP trend is the
same in ten different countries. If the researchers use a test which is uninformative in
the above sense and this test rejects Hy, they can only infer that there are at least
two countries with a different trend. They do not obtain any information on which
countries have a different GDP trend and where (that is, in which time periods) the
trends differ. However, this is exactly the information that is relevant in practice.
Without it, it is hardly possible to get a good economic understanding of the situation
at hand. The main aim of the present paper is to construct a test procedure which
provides the required information. More specifically, we construct a test which allows

to make rigorous confidence statements about (i) which trend curves are different and



(ii) where (that is, in which time intervals) they differ.
Very roughly speaking, our approach works as follows: Let Z,, ), :== [u—h,u+h] C [0, 1]
be the rescaled time interval with midpoint w € [0, 1] and length 2h. We call u the

location and h the scale of the interval Z, ;. For any given location-scale pair (u, h), let
H([f’j](u, h) : mi(w) = mj(w) for all w € Z,,

be the hypothesis that the two trend curves m; and m; are identical on the interval Z, j,.
Our procedure simultaneously tests H([)i’j](u, h) for a wide range of different location-
scale pairs (u, h) and all pairs (7, j). As it takes into account multiple scales h, it is called
a multiscale method. Our main theoretical result shows that under suitable technical
conditions, the developed multiscale test controls the familywise error rate, that is, the
probability of wrongly rejecting at least one null hypothesis H([)i’j ](u, h). As we will see,
this allows us to make simultaneous confidence statements of the following form for a

given significance level a € (0, 1):

With probability at least 1—c, the trends m; and m; differ on any interval

(1.2)

Zun and for any pair (i, ) for which H([)i’j](u, h) is rejected.

Hence, as desired, we can make confidence statements about which trend curves are
different and where they differ.

To the best of our knowledge, there are no other test procedures available in the liter-
ature which allow to make simultaneous confidence statements of the form (1.2) in the
context of the general model (1.1). We are only aware of two other multiscale tests for
the comparison of nonparametric time trends, both of which are restricted to a strongly
simplified version of model (1.1) without covariates. The first one is a SiZer-type test
by Park et al. (2009), for which theory has only been derived in the special case of
n = 2 time series. The second one is a multiscale test by Khismatullina and Vogt
(2021), which was developed to detect differences between epidemic time trends in the
context of the COVID-19 pandemic. Notably, our multiscale test can be regarded as
an extension of the approach in Khismatullina and Vogt (2021). In the present paper,
we go beyond the quite limited model setting in Khismatullina and Vogt (2021) and
develop multiscale inference methods in the general model framework (1.1) which allows
to deal with a wide range of economic and financial applications. Moreover, we develop
a clustering algorithm based on our multiscale test which allows to detect groups of
time series with the same trend.

Our multiscale test is constructed step by step in Section 3, whereas its theoretical
properties are laid out in Section 4. The clustering algorithm is introduced and inves-
tigated in Section 5. The proofs of all theoretical results are relegated to the technical

Appendix. We complement the theoretical analysis of the paper by a simulation study



and two application examples in Sections 6 and 7. In the first application example, we
use our test and clustering methods to examine GDP growth data from different OECD
contries. We in particular test the hypothesis that there is a common GDP trend in
these countries and we cluster the countries into groups with the same trend. In the
second example, we examine a long record of housing price data from different countries

and compare the price trends in these countries by our methods.

2 The model framework

2.1 Notation

Throughout the paper, we adopt the following notation. For a vector v = (vy,...,v,) €
R™, we write ||v|l, = (X1, vf)l/q to denote its ¢,-norm and use the shorthand ||v| =
||v]|2 in the special case ¢ = 2. For a random variable V| we define its £%norm by
IV, = (E|V]9)Y4 and write ||[V|| := ||V]|2 in the case ¢ = 2.

Let n; (t € Z) be independent and identically distributed (i.i.d.) random variables,
write Fy = (...,m—1,7:) and let g : R*® — R be a measurable function such that
g(F) =g(...,m—1,m) is a properly defined random variable. Following Wu (2005), we
define the physical dependence measure of the process {g(F;)}2 . by

—00

0q(9:t) = l9(F2) = g(FDllg, (2.1)

where F} = (...,n-1,70,M1,-..,M) is a coupled version of F; with 7 being an i.i.d.
copy of ny. Evidently, d,(g,t) measures the dependency of the random variable g(F;)

on the innovation term 7.

2.2 Model

We observe a panel of n time series 7; = {(Yi, Xi) : 1 < t < T} of length T for

1 <14 < n. Each time series 7; satisfies the model equation

t
Yy = ,BZTth + my <f> + a; + € (2.2)
for 1 <t < T, where 3; is a dx 1 vector of unknown parameters, X;; = (X1, ..., Xitd)

is a d x 1 vector of individual covariates, m; is an unknown nonparametric trend function
defined on the unit interval [0, 1] with fol m;(u)du = 0 for all i, a; is a (deterministic
or random) intercept term and & = {e; : 1 <t < T} is a zero-mean stationary er-
ror process. As common in nonparametric regression, the trend functions m; in model
(2.2) depend on rescaled time ¢/7" rather than on real time ¢; see e.g. Robinson (1989),
Dahlhaus (1997) and Vogt and Linton (2014) for a discussion of rescaled time in non-

parametric estimation. The condition fol m;(u)du = 0 is required for identification of
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the trend function m; in the presence of the intercept a;. We allow «; to be correlated
with the covariates X; in an arbitrary way. Hence, «; can be regarded as a fixed effect
error term. We do not impose any restrictions on the dependence between the fixed
effects a; across i. Similarly, the covariates X;; are allowed to be dependent across 7
in an arbitrary way. As a consequence, the n time series 7; in our panel can be corre-
lated with each other in various ways. In contrast to «; and Xj;, the error terms e
are assumed to be independent across ¢. Technical conditions regarding the model are
discussed below. Throughout the paper, we restrict attention to the case where the
number of time series n in model (2.2) is fixed. Extending our theoretical results to the

case where n grows with the time series length 7' is a possible topic for further research.

2.3 Assumptions

The error processes & = {g;; : 1 <t < T} satisfy the following conditions.

(C1) The variables g;; allow for the representation &;; = g;(Fi), where Fy = (..., ni—2,
Mit—1,Mit), the variables n; are i.i.d. across t, and g; : R® — R is a measurable
function such that ¢;; is well-defined. It holds that E[e;;] = 0 and |||/, < C < o0

for some ¢ > 4 and a sufficiently large constant C'.
(C2) The processes & = {e;; : 1 <t < T} are independent across i.

Assumption (C1) implies that the error processes &; are stationary and causal (in the
sense that €; does not depend on future innovations 7;; with s > t). The class of error
processes that satisfy condition (C1) is very large. It includes linear processes, nonlinear
transformations thereof, as well as a large variety of nonlinear processes such as Markov
chain models and nonlinear autoregressive models (Wu and Wu, 2016). Following Wu
(2005), we impose conditions on the dependence structure of the error processes &; in
terms of the physical dependence measure 6,(g;,t) defined in (2.1). In particular, we

assume the following:

(C3) For eachi, Y- . dq(gi,s) is finite and Y7 -, 6,(gs, s) = Ot~ (logt)~*) with ¢ from
(C1), where A> 2(1/q+1+~) and v = {¢*> — 4+ (¢ — 2)1/¢* + 20q + 4} /3.

For fixed ¢ and t, the expression ) ., d,(¢:, s) measures the cumulative effect of the
innovation 79 on the variables e, sit;, ... in terms of the £%norm. Condition (C3)
puts some restrictions on the decay of > ., d,(gi,s) (as a function of ¢). It is fulfilled
by a wide range of stationary processes & . For a detailed discussion of (C1)-(C3) and
some examples of error processes that satisfy these conditions, see Khismatullina and
Vogt (2020).



The covariates X;; = (Xj1.1, ..., Xitq) ' are assumed to have the following properties.

(C4) The variables X ; allow for the representation X ; = h;;(Git;), where G;;; =
(..., &t-14,&tj), the random variables &; ; are i.i.d. across t and h;; : R® — R
is a measurable function such that Xj ; is well-defined. We use the notation
X = hi(Gi) with h; = (hi1, ..., hia)" and Gy = (Gir, -+, Gira) - Tt holds that
E[X; ;] = 0 and || X ||4 < oo for all i and j, where ¢’ > max{4, ¢} with ¢ from
(C1) and @ specified in (C10) below.

(C5) The matrix E[AX;;AX,]] is invertible for each i.

(C6) For each i and j, it holds that »_ ., 0, (hij, s) is finite and Y o, 64 (hij,8) =
O(t=®) for some oo > 1/2 — 1/¢ with ¢ from (C4).

Assumption (C4) guarantees that the process {X;; : 1 < t < T} is stationary and
causal for each 7. Assumption (C6) restricts the serial dependence of the process { X, :
1 <t < T} for each 7 in terms of the physical dependence measure.

We finally impose some assumptions on the relationship between the covariates and the

errors and on the trend functions m;,.

(C7) The random variables AX;; = X;; — X1 and Aey = 4 —ey_1 are uncorrelated,
that iS, COV(AXZ‘t, A5it) = E[AXZtAelt] =0.

(C8) The trend functions m; are Lipschitz continuous on [0, 1], that is, |m;(v) —
mi(w)| < Ljv — w| for all v,w € [0,1] and some constant L < oo. Moreover,

they are normalised such that fol m;(u)du = 0 for each i.

Remark 2.1. Conditions (C4)-(C6) can be relaxed to cover locally stationary regres-
sors. For example, (C4) may be replaced by

(C4') The variables X ; allow for the representation X, ; = h;j(t; Gyt ;), where Gy ; =
(.. &io1,&i ), the random variables & ; are i.i.d. across t and h;;(t;-) : R® —
R is a measurable function for each t such that X; ; is well-defined. We use the
notation Xy = h;(t; Gy) with hy = (hi1, ..., hia)" and Gyt = (Gitas -+, Gira) - It
holds that E[X;: ;] = 0 and || X ||y < 0o for alli, j and t, where ¢ > max{4, 0q}
with q from (C1) and 0 specified in (C10) below.

The other assumptions can be adjusted accordingly. We conjecture that our main theo-
retical results still hold in this case. However, the complexity of the technical arguments
will increase drastically. Hence, for the sake of clarity, we restrict attention to station-

ary covariates X;.



3 The multiscale test

In this section, we develop a multiscale test for the comparison of the trend curves m;

in model (2.2). More specifically, we construct a multiscale test of the null hypothesis
Hozmlzmgz...:mn.

The test is designed to be as informative as possible: It does not only allow to say
whether Hj is violated. It also gives information on which types of violation occur. In
particular, it allows to infer which trends are different and where (that is, in which time
intervals) they differ.
Our strategy to construct the test is as follows: For any given location-scale point (u, h),
let

H([f’j](u, h) : m;(w) = m;(w) for all w € Z,,,

be the hypothesis that m; and m; are identical on the interval Z,, = [u — h,u +
h] C [0,1]. H([f’j] (u, h) can be viewed as a local null hypothesis that characterises the
behaviour of two trend functions locally on the interval Z,, , whereas Hy is the global
null hypothesis that is concerned with the comparison of all trends on the whole unit
interval [0, 1]. We consider a large family of time intervals Z, ;, that fully cover the unit
interval. More formally, we consider all intervals Z,, , with (u, h) € G, where Gr is a set
gy Lupn = [0,1]. Technical

conditions on the set Gy are given below. The global null Hy can now be formulated as

of location-scale points (u, h) with the property that U(u,h)

Hy : The hypothesis H([)i’j] (u, h) holds true for all intervals Z,, 5, with (u, h) € Gr
and for all 1 <7< 7 <n.

This formulation shows that we can test Hy by a procedure which simultaneously tests
the local hypothesis Hg’ﬂ(u, h) for all 1 <i < j<nand all (u,h) € Gr.

In what follows, we design such a simultaneous test procedure step by step. To start
with, we introduce some auxiliary estimators in Section 3.1. We then construct the test
statistics in Section 3.2 and set up the test procedure in Section 3.3. Finally, Section

3.4 explains how to implement the procedure in practice.

3.1 Preliminary steps

If the fixed effects «; and the coefficient vectors 3; were known, our testing problem

would be greatly simplified. In particular, we could consider the model

t
Y= mz(f) + it with Y=Yy — i — B Xy,



which is a standard nonparametric regression equation. As «a; and 3; are not observed
in practice, we construct estimators @; and B; and replace the unknown variables Y7

by the approximations
}/;t = zt - az ﬁ—l— it

In what follows, we explain how to construct estimators of o; and ;.

In order to estimate the parameter vector 3; for a given 7, we consider the time series
AT, = {(AYy,AXy) : 2 <t < T} of the first differences AY;, = Y;; — Yj;_1 and
AX; = Xy — Xi—1. We can write

t t—1
AYy =Yy — Y1 =8 AXy + (”%(f) - mz(T)) + Aei,

where Aey = 5 — €4_1. Since m; is Lipschitz by Assumption (C8), we can use the fact
that [m;(%) — m;(*5)] = O(%) to get that

1

This suggests to estimate 3; by applying least squares methods to equation (3.1), treat-
ing AX,; as the regressors and AYj; as the response variable. As a result, we obtain

the least squares estimator
T T
- ( S AX.AX) ) Y AXAY. (3.2)
= t=2

In Lemma A.5 in the Appendix, we show that B; — 3; = O,(T~/%) under our assump-

tions. Given B\i, we next estimate the fixed effect term «; by

IO
a; = > (Vi — B Xun). (3.3)
t=1

This is a reasonable estimator of «; for the following reason: For each i, it holds that

a — o = Bi) ZXZt+ Z <_> TZ 0,(T~1?),

since 4 "7 | i = O,(T~/2) by the law of large numbers, ~ 31 | mz(t/T) ( D)
due to Lipschitz continuity of m; and the normalisation fol m;(u)du =0, % Et | Xt =
0,(1) by Chebyshev’s inequality and 8; — 8; = O, (T /).

In order to construct our multiscale test, we do not only require the variables Y,t and

thus the estimators Bi and @;. We also need an estimator of the long-run error variance



o7 =Y 2 . Cov(gj,ei) for each i. Throughout the paper, we assume that the long-

run variance o2 does not depend on i, that is o7 = o2 for all . For technical reasons,

2 =
we nevertheless use a different estimator of 0? = ¢ for each i. Let 62 be an estimator
of o which is computed from the i-th time series {?Zt 1 <t < T}, that is, let

02 = 52-2(2-1, o ,?;-T) be a function of the variables Yy for 1 < ¢ < T. Our theory works

)

with any estimator o7 which has the property that 67 = o7 + o0,(pr) for each i, where
pr slowly converges to zero, in particular, pr = o(1/logT"). We now briefly discuss two
possible choices of 772.

Following Kim (2016), we can estimate o by a variant of the subseries variance estima-
tor, which was first proposed by Carlstein (1986) and then extended by Wu and Zhao
(2007). Formally, we set

o2

1
C2(M —1)sy

M st
Z [Z <Yi(t+msT) — Yi(t+(m—1)sr)

m=1 - t=1

A~

2
- /62— (Xi(tersT) - Xi(t+(m1)sT))>:| , (34)

where sr is the length of the subseries and M = |T/sr| is the largest integer not
exceeding T'/sp. As per the optimality result in Carlstein (1986), we set sp < T''/3.

When implementing 2, we in particular choose sy = |T%/?]. According to Lemma A.6

2

in the Appendix, 57 is an asymptotically consistent estimator of o? with the rate of

convergence O,(T~1/?).
The subseries estimator o7

specific time series model for the error process & = {e; : 1 < ¢t < T} but merely

is completely nonparametric: it does not presuppose a

requires &; to fulfill general weak dependence conditions. In practice, however, it often
makes sense to impose additional structure on the error process &;. A very popular yet
general error model is the class of AR(co) processes. A difference-based estimator of the
long-run error variance for this error model has been developed in Khismatullina and
Vogt (2020) and can be easily adapted to the situation at hand. A detailed discussion
of the estimator and a comparison with other long-run variance estimators can be found
in Section 4 of Khismatullina and Vogt (2020).

3.2 Construction of the test statistics

A statistic to test the local null hypothesis H(gi’j] (u,h) for a given location-scale point

(u, h) and a given pair of time series (i, 7) can be constructed as follows: Let

T
bijr(u,h) =Y wer(u, h)(Yie — Yye) (3.5)
t=1



be a weighted average of the differenced variables ﬁt — f/jt. In particular, let w7 (u, h)

be local linear kernel weights of the form

AuT(U, h)
{30y Aur(u, )23/

(3.6)

Wy T (U, h) =

where .
—u = -1

Ar(u, h) = K(% - )[ST,Q(U, h) — (T . )ST,l(u, h)},

Sre(u,h) = (Th)* S, K(%;u)( —)¢ for ¢ = 1,2 and K is a kernel function with
the following property:

Sl

(C9) The kernel K is non-negative, symmetric about zero and integrates to one. More-
over, it has compact support [—1,1] and is Lipschitz continuous, that is,
|K(v) — K(w)| < Cklv —w| for any v,w € R and some constant Cgx > 0.

The kernel average TZZ'J',T(U, h) can be regarded as a measure of distance between the
two trend curves m; and m; on the interval Z,, = [u — h,u + h]. We may thus use a

normalized (absolute) version of the kernel average @j,T(u, h), in particular, the term

QZij,T(ua h)

| GEGIEE

(3.7)

as a statistic to test the local null H(gi’j](u, h). Our aim is to test H(gi’j](u, h) simulta-
neously for a wide range of location-scale points (u, h) and all possible pairs of time
series (7,7). To take into account that we are faced with a simultaneous test problem,

we replace the statistics from (3.7) by additively corrected versions of the form

0 Vijr(u, h)

g 7h=‘A = — A(h), 3.8

zg,T(u ) (O_ZQ + 0_?)1/2 ( ) ( )
where A(h) = /2log{1/(2h)}. The scale-dependent correction term A(h) was first
introduced in the multiscale approach of Diimbgen and Spokoiny (2001) and has been
used in various contexts since then. We refer to Khismatullina and Vogt (2020) for a
detailed discussion of the idea behind this additive correction.
In order to test the global null hypothesis Hy, we aggregate the test statistics IZin,T(“’ h)
by taking their maximum over all location-scale points (u, h) € Gr and all pairs of time
series (7,7) with 1 < i < j < n. This leads to the multiscale test statistic

~

U, r= max {/J\Q u, h).
T (b EGr1<i<i<n (1)

For our theoretical results, we suppose that the set of location-scale points Gr is a
subset of G = {(u,h) : T, = [u — h,u + h] C [0,1] with u = ¢/T and h = s/T for

10



some 1 <t,s <T and h € [hmin, hmax] } Which fulfills the following conditions:

(C10) |Gr| = O(T?) for some arbitrarily large but fixed constant 6 > 0, where |Gr|
denotes the cardinality of G.

(C11) hmin > 703 log T, that is, hmm/{T_(l_%) logT} — oo with ¢ > 4 defined in
(C1) and hyax = o(1).

Assumptions (C10) and (C11) place relatively mild restrictions on the set Gy: (C10)
allows Gr to be very large compared to the sample size T'. In particular, Gy may grow
as any polynomial of 7. (C11) allows Gr to contain intervals [u — h,u + h| of many
different scales h, ranging from very small intervals of scale h,;, to substantially larger
intervals of scale hpax.

3.3 The test procedure

Let M = {(u, h,i,7) : (u,h) € Gr and 1 < i < j < n} be the collection of all location-
scale points (u,h) and all pairs of time series (¢,7) under consideration. Moreover,
let My € M be the set of tuples (u, h,1,7) for which H([f’j] (u,h) is true. For a given

significance level a € (0, 1), our multiscale test is carried out as follows:
(i) For each tuple (u, h,i,7) € M, we reject the local null hypothesis H([f’j](u, h) if
¢?j,T(u7 h) > Qn,T(a)u

where the critical value g, r(«) is constructed below such that the familywise error
rate (FWER) is controlled at level a. As usual, the FWER is defined as the
probability of wrongly rejecting H([)i’j] (u, h) for at least one tuple (u,h,i,j) € M.

More formally, it is defined as
FWER(O{) = IED(H(u? h,Z,j) € MO : &%,T(ua h) > Qn,T(a>)

for a given significance level o € (0,1) and we say that the FWER is controlled at
level a if FWER(«a) < a.

(ii) We reject the global null hypothesis Hy : my = my = ... = m,, if at least one local

null hypothesis is rejected. Put differently, we reject Hy if
\/I}n,T > Qn,T(a)-

We now construct a critical value g, (o) which controls the FWER at level . Let

¢nr(a) be the (1 — a)-quantile of the multiscale statistic \/I}n,T under the global null

11



Hy:mqy=my=...=m,. Since

FWER(a) = 1 — P(V(u, hyi,j) € Mo : 4% p(u,h) < qu(a))

1 _1@( 20 (uh) < g, )
(u,hg}%}e{/\/to Vi (1) < (@)

<1- 1P’Ho< o nax Y p(u, h) < qn,T(a)> <a
with Pp, denoting the probability under Hy, this choice of g, r(«) indeed controls the
FWER at the desired level. However, this choice is not computable in practice. We
thus replace it by a suitable approximation: Suppose we could perfectly estimate 3; and
o?, that is, B; = B; and 0% = o2 for all i. Then under Hy, the test statistics @/Z)\%’T(u, h)
would simplify to

S wer(u, h){(en — &) — (g0 — )}
7, T(u h) (O' + O' )1/2 - >‘<h)7 (39)
where&; = &7 :=T! Zt , €it denotes the empirical average of the variables €;1, . .., ;7.

Replacing the error terms £; in (3.9) by normally distributed variables leads to the

statistics
sz] T(U h)
with
bijr(u, h) Zth u,h) {0{(Ziw — Zi) — 0j(Zju — Z;) }, (3.11)

where Z;; are independent standard normal random variables for 1 <t < T and 1 <i <
n and, as before, we use the shorthand Z; = ZLT =T Zthl Zir. With this notation,

we define

q)n,T — 1<I?<a]>in (uni.llfae)é ¢z] T(u h) (312)

which can be regarded as a Gaussian version of the test statistic ‘jn,T under the null
Hy (in the idealized case with B; = B; and 67 = o2 for all i). We now choose g, ()
to be the (1 — a))-quantile of ®,, 7.

Remark 3.1. Importantly, this choice of q,r(a) can be computed by Monte Carlo

simulations in practice: under our assumption that the long-run variance o? does not
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depend on i (i.e. o7 = 0} = 0°), we can rewrite the statistics from (3.10) as

0 (. ) ‘Zwt,T(u,h) {(Zu—2) - (2 - 7)}| -

This shows that the distribution of these statistics and thus the distribution of the mul-
tiscale statistic @, only depend on the Gaussian variables Zy for 1 < ¢ < n and
1 <t <T. Consequently, we can approximate the distribution of ®,r — and in partic-
ular its quantiles ¢, r(a) — by simulating values of the Gaussian random variables Z.
In Section 3.4, we explain in detail how to compute Monte Carlo approximations of the

quantiles ¢, ().

3.4 Implementation of the test in practice

In practice, we implement the test procedure as follows for a given significance level
€ (0,1):

Step 1. Compute the (1 — a)-quantile ¢, r(a) of the Gaussian statistic ®,, + by Monte
Carlo simulations. Specifically, draw a large number L (say L = 5000) of
samples of independent standard normal random variables {ZZ(;Z )1 <t <
T,1 <i<n}forl </¢ < L. For each sample ¢, compute the value (fo)T
of the Gaussian statistic ®, r, and store these values. Calculate the empirical
(1 — a)-quantile g, r(«) from the stored values {CDg)T :1 < ¢ <L} Use q,r(a)

as an approximation of the quantile g, ().

Step 2. For each (7,7) with 1 < i < j < n and each (u,h) € Gr, reject the local null
hypothesis H" (u, h) if 1/1” r(u, h) > Gur(a). Reject the global null hypothesis
Hy if at least one local hypothesis H[gi’j] (u, h) is rejected.

Step 3. Display the test results as follows. For each pair of time series (7, 5), let S)(a)
be the set of intervals Z, ;, for which we reject H([)i’j] (u, h). Produce a separate
plot for each pair (i,5) which displays the intervals in St(a). This gives a
graphical overview over the intervals where our tests finds a deviation from the

null.

Remark 3.2. In some cases, the number of intervals in S (a) may be quite large,
rendering the visual representation of the test results outlined in Step 3 cumbersome.
To overcome this drawback, we replace SU(a) with the subset of minimal intervals
S}%ﬁ(a) C Stil(a). As in Diimbgen (2002), we call an interval Z,,;, € S¥(a) minimal
if there is no other interval L, € S%(a) such that Ly C T,n. Notably, our
theoretical results remain to hold true when the sets S(a) are replaced by Sn;f,]L( ).

See Section 4 for the details.
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4 Theoretical properties of the multiscale test

To start with, we investigate the auxiliary statistic

Sor = max  max ohr(uh), (4.1)
where ~

-0 (bz, ( )

¢ij,T(u7 h) { J 2}1/2 _)‘(h)
and

¢z]T u, h Zth u h €zt ) (ﬂz‘ - Bi)T(Xit - Xi)
—(g5e— &) — (B, — B;) " (X;e — X;) }

with & = &1 = T-1 ZtT:l e and X; = X’i,T = T! Zthl X;;. By construction, it

holds that q@mT(u, h) = @ij,T(u, h) under H(gi’j] (u,h). Hence, the auxiliary statistic Cfn;p
is identical to the multiscale test statistic {I\jn,T under the global null Hy. Consequently,
in order to determine the distribution of the test statistic ‘ifn,T under Hy, it suffices to
study the auxiliary statistic 6n,T. The following theorem shows that the distribution

of <T>n7T is close to the distribution of the Gaussian statistic ®,, 7 introduced in (3.12).

Theorem 4.1. Let (C1)-(C11) be fulfilled. Moreover, assume that 67 = o2 + o,(pr)
with pr = o(1/logT) and o? = o2 for all i. Then

sup }P(@nﬂ“ <z) = P(®nr < z)| =0(1).
z€eR
Theorem 4.1 is key for deriving theoretical properties of our multiscale test. Its proof

is provided in the Appendix.

Remark 4.2. The proof of Theorem 4.1 builds on two important theoretical results:
strong approximation theory for dependent processes (Berkes et al., 2014) and anti-
concentration bounds for Gaussian random vectors (Nazarov, 2003). It can be regarded
as a further development of the proof strategy in Khismatullina and Vogt (2020) who
developed multiscale methods to test for local increases/decreases of the nonparametric
trend function m in the univariate time series model Y; = m(t/T)+e;. We extend their
theoretical results in several directions: we consider the case of multiple time series and
work with a more general model which includes covariates and a flexible fized effect

error structure.

With the help of Theorem 4.1, we now examine the theoretical properties of our multi-

scale test developed in Section 3. The following proposition shows that our test of the
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global null Hy has correct (asymptotic) size.

Proposition 4.3. Suppose that the conditions of Theorem 4.1 are satisfied. Then under

Hy, we have

P(Vnr < gor(a)) = (1—a)+o(1).
The next proposition characterises the power of the test against a certain class of local
alternatives. To formulate it, we consider a sequence of pairs of functions m; := m;
and m; := m;r that depend on the time series length 7" and that are locally sufficiently

far from each other.

Proposition 4.4. Let the conditions of Theorem /4.1 be satisfied. Moreover, assume
that for some pair of indices i and j, the functions m; = m;p and m; = m;r have
the following property: There exists (u,h) € Gr with [u — h,u + h] C [0,1] such that
mir(w) —mjr(w) > cp\/log T/(Th) for allw € [u—h,u+ h] or mjr(w) —m;r(w) >
CT\/W for allw € [u—h,u+h], where {cr} is any sequence of positive numbers
with cp — 0o. Then

P(V, 1 < gur(e)) = o(1).

We now turn attention to the local null hypotheses H([f’ﬂ (u,h). As already defined
above, let M = {(u,h,i,j) : (u,h) € Grand 1 < i < j < n} be the collection of
location-scale points (u, h) and pairs of time series (4, j) under consideration. Moreover,
let Moy € M be the set of tuples (u, h,,7) for which H([)i’j] (u, h) is true. Since we test
H(gi’j ] (u, h) simultaneously for all (u, h, i, j) € M, we would like to bound the probability
of making at least one false discovery. More formally, we would like to control the

family-wise error rate

FWER(a) = P(3 (1. . 5) € Mo s Byt 1) > gur(@)
— ]P’(H (u, hyi,j) € Mo : Tup € S[i’j](a))
at level a, where Sl"(a) is the set of intervals Z,; for which the null hypothesis

H, ([)i’j ] (u, h) is rejected. The following result shows that our test procedure asymptotically
controls the FWER at level a.

Proposition 4.5. Let the conditions of Theorem 4.1 be satisfied. Then for any given
ae(0,1),
FWER(a) < a+ o(1).

The statement of Proposition 4.5 can obviously be reformulated as follows:

IP(‘V’ (u, h,i,7) € M for which H([)i’j](u, h) is true, H([)i’ﬂ (u, h) is not rejected)

>1—a+o(l).
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Consequently, we can make the following simultaneous confidence statement:

With (asymptotic) probability at least 1 — v, the trends m; and m; differ

¥ 4.2
on any interval L, ;, and for all pairs (i, j) for which H([)l’]](u, h) is rejected. (42)

Put differently:
With (asymptotic) probability at least 1 — «, for any pair (i,j) with 1 < (4.3)

i < j <mn, the two trends m; and m; differ on all intervals T, ;, € Stil(q).

Remark 4.6. According to (4.3), the graphical device introduced in Section 3.4 which
depicts the intervals in S[i’j](a) comes with the following statistical gquarantee: we can
claim with (asymptotic) confidence at least 1 —« that the trends m; and m; differ on all
the depicted intervals. As 87[;571(&) C Stil(a) for all i and j, this guarantee remains to

hold true when the sets St (a) are replaced by the sets of minimal intervals S[i’j](oz).

min

5 Clustering

Consider a situation in which the null hypothesis Hy : my = my = ... = m,, is violated.
Even though some of the trend functions are different in this case, part of them may
still be the same. Put differently, there may be groups of time series which have the
same time trend. Formally speaking, we define a group structure as follows: There
exist sets or groups of time series G1,...,Gy with N < n and {1,...,n} = Uévzng
such that for each 1 </ < N,

m; = f, for all i € Gy,

where f, are group-specific trend functions. Hence, the time series which belong to the
group Gy all have the same time trend f,. Throughout the section, we suppose that the

group-specific trend functions f, have the following properties:

(C12) For each ¢, f; = fir is a Lipschitz continuous function with fol for(w)dw = 0.
In particular, | for(v) — for(w)| < Llv—w| for all v,w € [0, 1] and some constant
L < oo that does not depend on T'. Moreover, for any ¢ # ¢, the trends f, 1 and
for differ in the following sense: There exists (u, h) € Gr with Z,,;, C [0, 1] such
that for(w) = for(w) > ery/log T/(Th) for all w € Ty or for(w) = for(w) >
CT\/W for all w € Z,, j,, where 0 < ¢ — oo.

In many applications, it is natural to suppose that there is a group structure in the
data. In this case, a particular interest lies in estimating the unknown groups from
the data at hand. In what follows, we combine our multiscale methods with a clus-

tering algorithm to achieve this. More specifically, we use the multiscale statistics
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Max (y,h)egy ¢%7T(u, h) calculated for each i and j as distance measures which are fed
into a hierarchical clustering algorithm.

To describe the algorithm, we first need to introduce the notion of a dissimilarity
measure: Let S C {1,...,n} and S’ C {1,...,n} be two sets of time series from our

sample. We define a dissimilarity measure between S and S’ by setting

N n o 70
A(S,5") = max ((JE%T Vi (u, h))- (5.1)
jes’

This is commonly called a complete linkage measure of dissimilarity. Alternatively, we
may work with an average or a single linkage measure. We now combine the dissimi-
larity measure A with a hierarchical agglomerative clustering (HAC) algorithm which

proceeds as follows:

Step 0 (Initialisation): Let @EO] = {i} denote the i-th singleton cluster for 1 < i <n

and define {@[10}, . ,CAJL?}} to be the initial partition of time series into clusters.

Step r (Iteration): Let é[f_l], ey é\[r:—_(l'j—l) be the n — (r — 1) clusters from the previous

step. Determine the pair of clusters égfu and @Bfl] for which

RGN~ mn AGEY.EEY

1<k<k’<n—(r—1)

and merge them into a new cluster.

Iterating this procedure for » = 1,...,n — 1 yields a tree of nested partitions
{@[f], ...... ,@Z]_T}, which can be graphically represented by a dendrogram. Roughly
speaking, the HAC algorithm merges the n singleton clusters égo] = {i} step by step
until we end up with the cluster {1,...,n}. In each step of the algorithm, the closest
two clusters are merged, where the distance between clusters is measured in terms of
the dissimilarity A. We refer the reader to Section 14.3.12 in Hastie et al. (2009) for
an overview of hierarchical clustering methods.

When the number of groups N is known, we estimate the group structure {Gy,...,Gn}
by the N-partition {@[ln—N}’ e ,@KL,_N}} produced by the HAC algorithm. When N
is unknown, we estimate it by the N—partition {GQ’"‘*N], .. .,@%71\[}}, where N is an
estimator of N. The latter is defined as

]/\}:min{'r’zl,Q,...

Nl
max A(G) < qn,T(oz)},
where we write A(S) = K(S, S) for short and g, r(«) is the (1 — a)-quantile of ®,, 7
defined in Section 3.3.

The following proposition summarises the theoretical properties of the estimators N
and {@1, e éﬁ}, where we use the shorthand é\g = @E“‘N] for 1<(<N.
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Proposition 5.1. Let the conditions of Theorem 4.1 and (C12) be satisfied. Then
P({@l,...,éﬁ} - {Gl,...,GN}> > (1—a)+o(1)

and
]P’(N =N) > (1-a)+o(1).

This result allows us to make statistical confidence statements about the estimated
clusters {@1, ceey G 5} and their number N. In particular, we can claim with asymptotic
confidence at least 1 —a« that the estimated group structure is identical to the true group
structure. The proof of Proposition 5.1 can be found in the Appendix.

Our multiscale methods do not only allow us to compute estimators of the unknown
groups G, ...,Gy and their number N. They also provide information on the locations
where two group-specific trend functions f, and fp differ from each other. To turn this
claim into a mathematically precise statement, we need to introduce some notation.
First of all, note that the indexing of the estimators él, ey G 5 is completely arbitrary.
We could, for example, change the indexing according to the rule ¢ — N—(+1. In
what follows, we suppose that the estimated groups are indexed such that P(@g =
Gy for all ) > (1 — ) + o(1). Proposition 5.1 implies that this is possible without loss
of generality. Keeping this convention in mind, we define the sets

A,[f:?](a) = {(u, h) € Gr: @%7T(u, h) > g, r(a) for some i € Gy j € égr}

and
87[5’7{/](04) ={Zypn=[u—hu+h]:(uh)c Agf”g](a)}

for 1 < ¢ < ¢ < N. An interval T, is contained in SK ’;l](a) if our multiscale test
indicates a significant difference between the trends m; and m; on the interval Z,
for some i € Gy and j € Gy. Put differently, Lun € 87[5’7{/](04) if the test suggests a
significant difference between the trends of the /-th and the ¢-th group on the interval
Z, . We further let

E}ﬁ’;’}(a) = {VI%h € SK’;I](&) : fo(v) # fo(v) for some v € Z,, 5, = [u — h,u + h]}

be the event that the group-specific time trends f; and f differ on all intervals 7, €

87[5 ’7{/](04). With this notation at hand, we can make the following formal statement

whose proof is given in the Appendix.

Proposition 5.2. Under the conditions of Proposition 5.1, the event

E,r(a) = { m Er[i’g](a)} N {]/\\7 = N and Gy = Gy for all E}

1<U<V'<N
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asymptotically occurs with probability at least 1 — «, that is,
P(E,r(a)) > (1—a)+o(1).

According to Proposition 5.2, the sets S}f ’fﬂ(a) allow us to locate, with a pre-specified
confidence, time intervals where the group-specific trend functions f, and f, differ from
each other. In particular, we can claim with asymptotic confidence at least 1 — « that

the trend functions f, and f» differ on all intervals Z,,;, € S,[f ’7{/](04).3

6 Simulations

In this section, we investigate our testing and clustering methods by means of a sim-
ulation study. The simulation design is as follows: We generate data from the model
Y, = ml(%) + 5; Xt + a; + €51, where the number of time series 7 is set to n = 15 and we
consider different time series lengths 7. For simplicity, we assume that the fixed effect
term «; is equal to 0 in all time series and we only include a single regressor X;; in the
model, setting the unknown parameter [3; to 1 for all . For each 4, the errors ¢; follow
the AR(1) model €;; = ag;4—1 + 1, where a = 0.25 and the innovations 7, are i.i.d.
normally distributed with mean 0 and variance 0.25. Similarly, for each i, the covariates
Xt follow an AR(1) process of the form X;; = a, X; ;1 + (i, where a, = 0.5 and the
innovations (;; are i.i.d. normally distributed with mean 0 and variance 1. We assume
that the covariates X;; and the error terms ¢;, are independent from each other for all
1<i,5<nand 1<t s<T. Togenerate data under the null Hy : m; = ... =m,,, we
let m; = 0 for all ¢ without loss of generality. To produce data under the alternative, we
define my(u) = b(u — 0.5) with b € {0.75,1,1.25} and set m; = 0 for all ¢ # 1. Hence,
all trend functions are the same except for m; which is an increasing linear function.
Note that the normalisation constraint fol mq(u)du = 0 is directly satisfied in this case.
For each simulation exercise, we simulate 5000 data samples.

Our multiscale test is implemented as follows: The estimators B@ and @; of the unknown
parameters (3; and «; are computed as described in Section 3.1. Since the errors ;; follow
an AR(1) process, we estimate the long-run error variance o? by the difference-based
estimator proposed in Khismatullina and Vogt (2020), setting the tuning parameters ¢
and r to 25 and 10, respectively. In order to construct our test statistics, we use an
Epanechnikov kernel and the grid G = Uy x Hp with

UT:{UE[0,1]:u:%f0rsomet€N}

Hpr = {h € [10£ng’ ﬂ ch = % for some t € N}.

3This statement remains to hold true when the sets of intervals 87[5’7{](04) are replaced by the corre-
sponding sets of minimal intervals.
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Table 1: Size of the multiscale test for different sample sizes T" and nominal sizes «.

nominal size «

T 0.01 0.05 0.1
100 0.009 0.045 0.087
250 0.013 0.063 0.117
500 0.013 0.057 0.112

Table 2: Power of the multiscale test for different sample sizes T' and nominal sizes a. Each
panel corresponds to a different slope parameter b.

(a) b=0.75

(b) b =1.00

(¢) b=1.25

nominal size a

nominal size «

nominal size «

T 0.01  0.05 0.1 T 0.01  0.05 0.1 T 0.01  0.05 0.1
100 0.033 0.122 0.199 100 0.105 0.270 0.376 100 0.275 0.512 0.628
250 0.209 0.434 0.549 250 0.635 0.840 0.901 250 0.933 0.986 0.993

500 0.741 0.891 0.947 500 0.994 0.999 0.999 500 1.000 1.000 1.000

We thus consider intervals Z, ,, = [u — h,u + h] which contain 5, 15,25, ... data points.
The critical value ¢, () of our test is computed by Monte Carlo methods as described
in Section 3.4, where we set L = 5000.

The simulation results for our multiscale test can be found in Table 1, which reports its
actual size under Hj, and in Table 2, which reports its power against different alterna-
tives. Both the actual size and the power are computed as the number of simulations
in which the test rejects the global null Hy divided by the total number of simulations.
Inspecting Table 1, one can see that the actual size is fairly close to the nominal target
a in all the considered scenarios. Hence, the test has approximately the correct size.
Inspecting Table 2, one can further see that the test has reasonable power properties.
For the smallest slope b = 0.75 and the smallest time series length 7" = 100, the power
is only moderate, reflecting the fact that the alternative with b = 0.75 is not very far
away from the null. However, as we increase the slope b and the sample size T', the
power increases quickly. Already for the slope value b = 1.00, we reach a power of 0.99
for T"= 500 and for all nominal sizes «.

We next investigate the finite sample performance of the clustering algorithm from
Section 5. To do so, we consider a very simple scenario: we generate data from the
model Y; = ml(%) + &4, that is, we assume that there are no fixed effects and no
covariates. The error terms ¢;; are specified as above. Moreover, as before, we set the
number of time series to n = 15 and we consider different time series lengths 7. We
partition the n = 15 time series into N = 3 groups, each containing 5 time series.
Specifically, we set G; = {1,...,5}, Go = {6,...,10} and G3 = {11,...,15}, and we
assume that m; = f; for all i € G; and all [ = 1,2, 3. The group-specific trend functions
f1, fo and f3 are defined as fi(u) =0, fo(u) =1-(u—0.5) and f3(u) = (—1) - (u—0.5).
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Table 3: Clustering results for different sample sizes T' and nominal sizes .

(a) Empirical probabilities that (b) Empirical probabilities that
N=N {G1,...,Gg} = {G1,G2,G3}
nominal size « nominal size a
T 0.0l 0.05 0.1 T 0.0l 0.05 0.1
100  0.055 0.188 0.298 100 0.009 0.045 0.077
250 0.713 0.922 0.939 250 0.640 0.825 0.845
500 0.994 0.979 0.956 500 0.992 0.978 0.956

In order to estimate the groups G1, G, GG3 and their number N = 3, we use the same
implementation as before followed by the clustering procedure from Section 5.

The simulation results are reported in Table 3. The entries in Table 3a are computed as
the number of simulations for which N = N divided by the total number of simulations.
They thus specify the empirical probabilities with which the estimate N is equal to the
true number of groups N = 3. Analogously, the entries of Table 3b give the empirical
probabilities with which the estimated group structure {(A;l, ce G %} equals the true
one {G1, Gy, G3}. The results in Table 3 nicely illustrate the theoretical properties of
our clustering algorithm. According to Proposition 5.1, the probability that N = N and
{Gi,..., @ﬁ} = {G1, G2, G5} should be at least (1 — «) asymptotically. For the largest
sample size T" = 500, the empirical probabilities reported in Table 3 can indeed be seen
to exceed the value (1 — «) as predicted by Proposition 5.1. For the smaller sample
sizes T' = 100 and T = 250, in contrast, the empirical probabilities are substantially
smaller than (1 — «). This reflects the asymptotic nature of Proposition 5.1 and is not
very surprising. It simply mirrors the fact that for the smaller sample sizes T" = 100
and T' = 250, the effective noise level in the simulated data is quite high.

Figures 1 and 2 give more insight into what happens for 7" = 100 and 7" = 250. Figure 1
shows histograms of the 5000 simulated values of N , while Figure 2 depicts histograms
of the number of classification errors produced by our algorithm. By the number of
classification errors, we simply mean the number of incorrectly classified time series,

which is formally calculated as

7¥1€1A1§n {|G1 \ éﬂ(1)| -+ |G2 \ an(2)| + |G3 \ a7r(3)|}

with S5 being the set of all permutations of {1,2,. .., J/\\f} The histogram of Figure 1 for
T = 100 clearly shows that our method underestimates the number of groups (N =2in
4055 cases out of 5000). In particular, it fails to detect the difference between two out
of three groups in a large number of simulations. This is reflected in the corresponding
histogram of Figure 2 which shows that there are exactly 5 classification errors in 3924 of
the 5000 simulation runs. In most of these cases, the estimated group structure {é 1, ég}
coincides with either {G; U Gy, Gs}, {G1, G2 U G3} or {G1 U G3,G}. In summary, we
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Figure 1: Estimated number of groups N for nominal size o = 0.05. Each panel corresponds

to a different sample size T'.
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Figure 2: Number of classification errors for nominal size & = 0.05. Each panel corresponds
to a different sample size T'.

can conclude that the small empirical probabilities for 7" = 100 in Table 3 are due to
the algorithm underestimating the number of groups. Inspecting the histograms for
Gy}
improves significantly, even though the corresponding empirical probabilities in Table

T = 250, one can see that the performance of the estimators N and {@1, ce

3 are still somewhat below the target (1 — «).

7 Applications

7.1 Analysis of GDP growth

In what follows, we revisit an application example from Zhang et al. (2012). The
aim is to test the hypothesis of a common trend in the GDP growth time series of
several OECD countries. Since we do not have access to the original dataset of Zhang
et al. (2012) and we do not know the exact data specifications used there, we work

with data from the following common sources: Refinitiv Datastream, the OECD.Stat
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database, Federal Reserve Economics Data (FRED) and the Barro-Lee Educational
Attainment dataset (Barro and Lee, 2013). We consider a data specification that is as
close as possible to the one in Zhang et al. (2012) with one important distinction: In the
original study, the authors examined 16 OECD countries (not specifying which ones)
over the time period from the fourth quarter of 1975 up to and including the third
quarter of 2010, whereas we consider only 11 countries (Australia, Austria, Canada,
Finland, France, Germany, Japan, Norway, Switzerland, UK and USA) over the same
time span. The reason is that we have access to data of good quality only for these 11

countries. In the following list, we specify the data for our analysis.*

e Gross domestic product (GDP): We use freely available data on Gross Domestic
Product — Expenditure Approach from the OECD.Stat database (https://stats.
oecd.org/Index.aspx). To be as close as possible to the specification of the data
in Zhang et al. (2012), we use seasonally adjusted quarterly data on GDP expressed
in millions of 2015 US dollars.?

e Capital (K): We use data on Gross Fized Capital Formation from the OECD.Stat
database. The data are at a quarterly frequency, seasonally adjusted, and expressed
in millions of 2015 US dollars. In contrast to Zhang et al. (2012), who use data
on Capital Stock at Constant National Prices, we choose to work with gross fixed
capital formation due to data availability. It is worth noting that since accurate
data on capital stock is notoriously difficult to collect, the use of gross fixed capital

formation as a measure of capital is standard in the literature; see e.g. Sharma and
Dhakal (1994), Lee and Huang (2002) and Lee (2005).

e Labour (L): We collect data on the Number of Employed People from various
sources. For most of the countries (Austria, Australia, Canada, Germany, Japan,
UK and USA), we download the OECD data on Employed Population: Aged 15
and Over retrieved from FRED (https://fred.stlouisfed.org/). The data for
France and Switzerland were downloaded from Refinitiv Datastream. For all of the
aforementioned countries, the observations are at a quarterly frequency and season-
ally adjusted. The data for Finland and Norway were also obtained via Refinitiv
Datastream, however, the only quarterly time series that are long enough for our
purposes are not seasonally adjusted. Hence, for these two countries, we perform
the seasonal adjustment ourselves. We in particular use the default method of the
function seas from the R package seasonal (Sax and Eddelbuettel, 2018) which is an
interface to X-13-ARIMA-SEATS, the seasonal adjustment software used by the US

Census Bureau. For all of the countries, the data are given in thousands of persons.

4All data were accessed and downloaded on 7 December 2021.

®Since the publication of Zhang et al. (2012), the OECD reference year has changed from 2005 to 2015.
We have decided to analyse the latest version of the data in order to be able to make more accurate
and up-to-date conclusions.
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e Human capital (H): We use Educational Attainment for Population Aged 25
and Over collected from http://www.barrolee.com as a measure of human capital.
Since the only available data is five-year census data, we follow Zhang et al. (2012)
and use linear interpolation between the observations and constant extrapolation
on the boundaries (second and third quarters of 2010) to obtain the quarterly time

series.

For each of the n = 11 countries in our sample, we thus observe a quarterly time
series T; = {(Viy, X)) : 1 <t < T} of length T' = 140, where Y;; = AlnGDP;; :=
InGDPy—InGDP;—1yand Xy = (Aln Ly, Aln Ky, Aln Hyy) " with Aln Ly == In Ly —
InLi;—1y, Aln Ky := In Ky — In K1) and Aln Hy, := In Hy, — In H;_,). Without loss
of generality, we let AInGDP;; = AlnL;; = Aln K;; = Aln H;; = 0. Each time series
7T; is assumed to follow the model Y;; = m;(t/T) + B Xy + a; + €3¢, or equivalently,

t
Aln GDRt =m; <?> + /Bi,lA In Lit + 67;,2A In Kit + 61‘73A In Hit + a; + € (71)

for 1 <t < T, where B; = (Bi1, Bi2, Bi3) " is a vector of unknown parameters, m; is a
country-specific unknown nonparametric time trend and «; is a country-specific fixed
effect.

In order to test the null hypothesis Hy : m; = ... = m,, with n = 11 in model (7.1), we

implement our multiscale test as follows:

e We choose K to be the Epanechnikov kernel and consider the set of location-scale
points Gr = Ur x Hp, where

Ur ={ue[0,1] : u= 2! for some t € N}

}:h:%forsometEN}.

We thus take into account all locations u on an equidistant grid Uy with step length
4/T and all scales h =4/T,8/T,12/T, ... with logT/T < h < 1/4. The choice of the
grid Gr is motivated by the quarterly frequency of the data: each interval Z,,; € Gr
spans 8, 16,24, ... quarters, i.e., 2,4,6,... years. The lower bound logT/T on the
scales h in Hyp is motivated by Assumption (C11), which requires that log T'/T <«

hmin (given that all moments of €;; exist).

e To obtain an estimator 62 of the long-run error variance o? for each i, we assume that
the error process &; follows an AR(p;) model and apply the difference-based procedure
of Khismatullina and Vogt (2020) to the augmented time series {Y;, : 1 < ¢t < T’}
with }Afit =Y — B\ZT X, — ;. We set the tuning parameters ¢ and r of the procedure
to 20 and 10, respectively, and choose the AR order p; by minimizing the Bayesian
Information Criterion (BIC), which yields p; = 3 for Australia, Canada and the UK
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and p; = 1 for all other countries.®

e The critical values ¢, r(a) are computed by Monte Carlo methods as described in
Section 3.4, where we set L = 5000.

Besides these choices, we construct and implement the multiscale test exactly as de-
scribed in Section 3.

The thus implemented multiscale test rejects the global null hypothesis Hj at the usual
significance levels @ = 0.01,0.05,0.1. This result is in line with the findings in Zhang
et al. (2012) where the null hypothesis of a common trend is rejected at level aw = 0.1.
The main advantage of our multiscale test over the method in Zhang et al. (2012) is
that it is much more informative. In particular, it provides information about which of
the n = 11 countries have different trends and where the trends differ. This information
is presented graphically in Figures 3-13. Each figure corresponds to a specific pair of
countries (7, j) and is divided into three panels (a)—(c). Panel (a) shows the augmented
time series {Yy : 1 < ¢t < T} and {?Qt : 1 <t < T} for the two countries i and j
that are compared. Panel (b) presents smoothed versions of the time series from (a),
in particular, it shows local linear kernel estimates of the two trend functions m; and
m;, where the bandwidth is set to 14 quarters (that is, to 0.1 in terms of rescaled
time) and an Epanechnikov kernel is used. Panel (c¢) presents the results produced by
our test for the significance level a = 0.05: it depicts in grey the set S(a) of all
the intervals for which the test rejects the local null Hg’j](u, h). The set of minimal
intervals 8"/ (o) C 80+)(«) is highlighted in black. According to (4.3), we can make the
following simultaneous confidence statement about the intervals plotted in panels (c)
of Figures 3-13: we can claim, with confidence of about 95%, that there is a difference
between the functions m; and m; on each of these intervals.

Out of 55 pairwise comparisons, our test detects differences for 11 pairs of countries
(,7). These 11 cases are presented in Figures 3-13. In 9 cases (Figures 3-11), one of the
involved countries is Norway. Inspecting the trend estimates in panels (b) of Figures 3—
11, the Norwegian trend estimate can be seen to exhibit a strong downward movement
at the end of the observation period, whereas the other trend estimates show a much
less pronounced downward movement (or even a slight upward movement). According
to our test, this is a significant difference between the Norwegian and the other trend
functions rather than an artefact of the sampling noise: In all 9 cases, the test rejects
the local null for at least one interval which covers the last 10 years of the analysed
time period (from the first quarter in 2000 up to the third quarter in 2010). Apart from
these differences at the end of the sampling period, our test also finds differences in the

beginning, however, only for part of the pairwise comparisons.

6We also calculated the values of other information criteria such as FPE, AIC and HQ which, in most
of the cases, resulted in the same values of p;.
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Figure 14: Dendrogram of the HAC algorithm. Each coloured rectangle corresponds to one
of the clusters.
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Figure 15: Local linear estimates of the n = 11 time trends (calculated from the augmented
time series Y;; with bandwidth h = 0.1 and Epanechnikov kernel). Each trend estimate is
coloured according to the cluster that it is assigned to.

Figures 12 and 13 present the results of the pairwise comparison between Australia and
France and between the USA and France, respectively. In both cases, our test detects
differences between the GDP trends only in the beginning of the considered time period.
In the case of Australia and France, it is clearly visible in the raw data (panel (a) in
Figure 13) that there is a difference between the trends, whereas this is not so obvious
in the case of the USA and France. According to our test, there are indeed significant
differences in both cases. In particular, we can claim with confidence at least 95%,
that there are differences between the trends of the USA and France (of Australia and
France) up to the fourth quarter in 1991 (the fourth quarter in 1986), but there is no
evidence of any differences between the trends from 1992 (1987) onwards.

We next apply our clustering techniques to find groups of countries that have the same
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time trend. We implement our HAC algorithm with o = 0.05 and the same choices as
detailed above. The dendrogram that depicts the clustering results is plotted in Figure
14. The number of clusters is estimated to be N = 3. The rectangles in Figure 14
indicate the N = 3 clusters. In particular, each rectangle is drawn around the branches
of the dendrogram that correspond to one of the three clusters. Figure 15 depicts local
linear kernel estimates of the n = 11 GDP time trends (calculated from the augmented
time series ﬁ-t with bandwidth 0.1 and Epanechnikov kernel). Their colour indicates
which cluster they belong to.

The results in Figures 14 and 15 show that there is one cluster which consists only of
Norway (plotted in red). As we have already discussed above and as becomes apparent
from Figure 15, the Norwegian trend exhibits a strong downward movement at the end
of the sampling period, whereas the other trends show a much more moderate downward
movement (if at all). This is presumably the reason why the clustering procedure puts
Norway in a separate cluster. The algorithm further finds two other clusters, one
consisting of the 5 countries Australia, Finland, Germany, Japan and the USA (plotted
in blue in Figures 14 and 15) and the other one consisting of the 5 countries Austria,
Canada, France, Switzerland and the UK (plotted in green in Figures 14 and 15). Visual
inspection of the trend estimates in Figure 15 suggests that the GDP time trends in
the blue cluster exhibit more pronounced decreases and increases than the GDP time
trends in the green cluster. Hence, overall, the clustering procedure appears to produce

a reasonable grouping of the GDP trends.

7.2 Analysis of house prices

We next analyse a historical dataset on nominal annual house prices from Knoll et al.
(2017) that contains data for 14 advanced economies covering 143 years from 1870 to
2012. In our analysis, we consider 8 countries (Australia, Belgium, Denmark, France,
Netherlands, Norway, Sweden and USA) over the time period 1890-2012. The data for
all these countries except one (Belgium) contain no missing values, and for Belgium
there are only five missing observations” which we impute by linear interpolation. The
time series of the other 6 countries contain more than 10 missing values each, which is
why we exclude them from our analysis.

We deflate the nominal house prices with the corresponding consumer price index (CPI)
to obtain real house prices (H P). Variables that can potentially influence the average
house prices are numerous, and there seems to be no general consensus about what
the main determinants are. Possible determinants include, but are not limited to,
demographic factors such as population growth (Holly et al. 2010, Wang and Zhang
2014, Churchill et al. 2021); fundamental economic factors such as real GDP (Huang
et al. 2013, Churchill et al. 2021), interest rate and inflation (Abelson et al. 2005, Otto

"The missing values in the Belgium time series span five years during World War 1.
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2007, Huang et al. 2013, Jorda et al. 2015); urbanisation (Chen et al. 2011, Wang et al.
2017); government subsidies and regulations (Malpezzi 1999); stock markets (Gallin
2006); etc. In our analysis, we focus on the following determinants of the average
house prices: real GDP (GDP), population size (POP), long-term interest rate (I)
and inflation (/N FL) which is measured as change in CPI. Most other factors (such
as government regulations, construction costs, and real wages) vary rather slowly over
time and can be captured by time trend, fixed effects and slope heterogeneity. Data
for CPI, real GDP, population size and long-term interest rate are taken from the
Jorda-Schularick-Taylor Macrohistory Database®, which is freely available at http:
//www.macrohistory.net/data/ (accessed on 13 January 2022).

In summary, we observe a panel of n = 8 time series T; = {(Vi, X)) : 1 <t < T}
of length 7" = 123 for each country ¢ € {1,...,8}, where YV;; = InHP; and X;; =
(InGDPy,In POPy, Iy, INFLy)". For each i, the time series 7; is assumed to follow
the model Y;; = m;(t/T) + B, Xt + a; + €41, or equivalently,

t
In HPy = m, <T) +Bi1lnGDPy+ BioIn POPy + B3l + BisalNF Ly + o + ey (7.2)

for 1 <t < T, where B; = (Bi1, Bi2, Bi3,8i4) | is a vector of unknown parameters, m;
is a country-specific unknown nonparametric time trend and «; is a fixed effect.

The inclusion of a nonparametric trend function m; in model (7.2) is supported by the
literature. Ugarte et al. (2009), for example, model the trend in average Spanish house
prices by means of splines. Winter et al. (2022) include a long-term stochastic trend
component when describing the dynamic behaviour of real house prices in 8 advanced
economies. Including a nonparametric trend function when modelling the evolution of
house prices is also the main conclusion in Zhang et al. (2016), where it is shown that the
time series of logarithmic US house prices is trend-stationary, i.e., can be transformed
into a stationary series by subtracting a deterministic trend.

We implement the multiscale test from Section 3 in the same way as in the previous

application example with one minor modification: we let Gr = Ur x Hp with

Ur = {UE [0,

1] :
Hp = {h € [loiT, }J ch = 5tT—_3 for some t € N}.

u:%forsometeN}

We thus take into account all locations u on an equidistant grid Uy with step length 1/7T°
and all scales h = 2/T,7/T,12/T, ... with logT/T < h < 1/4. This implies that each
interval Z,, 5, = [u— h, u+ h] with (u, h) € Gr spans 5,15,25, ... years. The lower bound
log T'/T is motivated by Assumption (C11). As in Section 7.1, we assume that for each
i, the error process & = {e; : 1 <t < T} follows an AR(p;) model and we estimate the

long-run variances o? by the difference-based estimator from Khismatullina and Vogt

8See Jorda et al. (2017) for a detailed description of the variable construction.
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(2020) with tuning parameters ¢ and r equal to 15 and 10, respectively. We choose p;
by minimizing the BIC. For 7 out of 8 countries the order p; determined by BIC? is
equal to 1. For the sake of simplicity, we thus assume that p; = 1 for all 7.

We are now ready to apply our test to the data. The overall null hypothesis Hj is
rejected at levels a = 0.05 and o = 0.1. The detailed test results for the significance
level a = 0.05 are presented in Figures 16-19. As in Section 7.1, each figure corresponds
to the comparison of a pair of countries (7,j) for which our test detects differences
between the trends. Panel (a) shows the augmented time series {Y; : 1 < ¢ < T}
and {}Afjt : 1 <t < T} for the two countries ¢ and j under consideration. Panel (b)
presents smoothed versions of the time series from (a) with the bandwidth window
covering 15 years. Panel (c) presents the test results for the level a = 0.05. As before,
the set of intervals S7!(a) for which our test rejects and the set of minimal intervals
S&fi(a) C Sil(a) are depicted in grey and black, respectively. According to (4.3), we
can make the following simultaneous confidence statement about the intervals plotted
in panels (c¢) of Figures 16-19: we can claim, with confidence of about 95%, that there
is a difference between the trends m; and m; on each of these intervals.

Overall, our findings are in line with the observations in Knoll et al. (2017), where the
authors find considerable cross-country heterogeneity in the house price trends. The
authors note that before World War II, the countries exhibit similar trends in real house
prices, while the trends start to diverge sometime after World War II. This fits with our
findings in Figures 16 and 17 which show that our test detects differences between the
trends of Australia and the Netherlands (of Belgium and the Netherlands) starting only
from 1968 (1966) onwards. Contrary to Knoll et al. (2017), however, our test also finds
significant differences in the first half of the observed time period, specifically, between
the time trends of Belgium and Denmark and of Belgium and the USA (Figures 18 and
19, respectively). This discrepancy in the results is most certainly due to the fact that
the method used in Knoll et al. (2017) does not account for effects of other factors such
as GDP or population growth, while our test allows us to include various determinants
of the average house prices in model (7.2).

We next apply the clustering procedure from Section 5 to the data. As in the previous
application example, we set a = 0.05. The results are displayed in Figures 20 and 21.
Specifically, Figure 20 shows the dendrogram with the results of the HAC algorithm
and Figure 21 presents local linear kernel estimates of the trend curves (calculated with
a bandwidth window of 15 years and an Epanechnikov kernel). The number of clusters
is estimated to be N = 3. As before, the coloured rectangles in Figure 20 are drawn
around the countries that belong to the same cluster and the same colours are used to

display the trend estimates in Figure 21.

9 Applying other information criteria such as FPE, AIC and HQ yields exactly the same results in these
cases.
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Figure 20: Dendrogram of the HAC algorithm. Each coloured rectangle corresponds to one
of the clusters.

Estimated time trends
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Figure 21: Local linear estimates of the n = 8 time trends (calculated from the augmented
time series Y;; with a bandwidth window covering 15 years and an Epanechikov kernel). Each
trend estimate is coloured according to the cluster that it is assigned to.

Inspecting the results, we can see that there is one cluster consisting only of Belgium
(plotted in green). Figure 21 suggests that the Belgium time trend indeed evolves
somewhat differently from the other trends in the first 30 years of the observed time
period. The algorithm further detects a cluster that consists of two countries: France
and the Netherlands (plotted in blue). The time trends of these two countries display
some kind of dip around 1950, which is not present in the time trends of the other
countries. Overall, our algorithm thus appears to produce a reasonable clustering of

the house price trends.
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A Appendix

In what follows, we prove the theoretical results from Sections 4 and 5. We use the
following notation: The symbol C' denotes a universal real constant which may take a
different value on each occurrence. For a,b € R, we write a V b = max{a,b}. For x €
R>g, we let |x] denote the integer value of z and [x] the smallest integer greater than or
equal to z. For any set A, the symbol |A| denotes the cardinality of A. The expression
X 2 Y means that the two random variables X and Y have the same distribution.

Finally, we sometimes use the notation ar < br to express that ar = o(br).

Auxiliary results

Let {Zt}?i
E[Z;] = 0. Assume that Z; can be represented as Z; = ¢g(...,n,_1,7), where 1, are

be a stationary time series process with Z; € L9 for some ¢ > 2 and

—0o0

i.i.d. variables and g : R* — R is a measurable function. We first state a Nagaev-type
inequality from Wu and Wu (2016).

Definition A.1. Let ¢ > 0 and o« > 0. The dependence adjusted norm of the process
={Z}2_ is given by || Z.|lgo = supyzo(t + 1) 327, 04(g, 5).-

Proposition A.2 (Wu and Wu (2016), Theorem 2). Assume that || Z.]|,. < oo with
qg>2anda>1/2—1/q. Let Sy = a1Z1+...+arZr, where ay, ... ,ar are real numbers
with Y1, a2 = T. Then for any w > 0,

|||| || Cyu?
P(|Sr| > w) < AN
(1Sr] 2 w) < O ———*= +O2exp( THZ-H%,)’

where Cy, Cy, C3 are constants that only depend on q and «.
The following lemma is a simple consequence of the above inequality.

Lemma A.3. Let > 2, 0,(g,5) = O(t™*) for some ¢ >2 and o > 1/2 —1/q. Then

1 T
Ly z-0
VT =

Proof of Lemma A.3. Let n > 0 be a fixed number. We apply Proposition A.2 to
the sum Sp = 3, a;Z, with a, = 1 for all t. The assumption Y2, 5,(g,5) = O(t~*)
implies that ||Z.|2.a < [|Z.]|ga < Cz < co. Hence, for w chosen sufficiently large, we
get

2
> \/_U)) < Cl C "— Cg exp ( C3Tw )

(37

T9/w TC?
C,Ca T1-a/2 Cw?
:{ 1 Zw}q +Cgexp(— é%)ﬁn
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for all 7. This means that 3, Z,/vVT = O,(1). O

Let Aey = ey —eyq and AXy; = X — Xy1. By Assumptions (C1) and (C4),
Aey = Agi(Fiy) and AXy; = Ahi(Gy). We further define

ai<Hit) = Ahi(git)Agi(Jri ) = AX; Ay
bi(git) = Ahi(git)Ahi(g ) AthAXm

where a; = (aij)

?:17 b, = (bz‘kl>z71:1 and Hy = (Hias - Hira) withHi; = (o0 Vi1,
Vit;j) and v ; = (0, &q;). The next result gives bounds on the physical dependence

measures of the processes {a;(Hi)}2 o, and {bi(Git)}2 .

Lemma A.4. Let Assumptions (C1), (C3), (C4) and (C6) be satisfied. Then for each
1, J, k and [, it holds that

25 A, (™) for p=min{q,¢'}/2 and some a > 1/2 —1/p
25 (bigr, s) = O(t™) forp=4q'/2 and some a > 1/2 — 1/p.

Proof of Lemma A.4. We only prove the first statement. The second one follows by
analogous arguments. By the definition of the physical dependence measure and the

Cauchy-Schwarz inequality, we have with p = min{q, ¢'}/2 that

Op(aij, s) = |lag;(Hiry) — ais(
= [|Ahi;(Git) Agi(Fir) — Ahij(Gi) Agi(Fiy) [l
< iy (Gir) gi(Fie) — D (gt)gz(]:{t)ﬂp
+ [1hij(Gie—1)9i(Fie—1) = hij(Giy—1)9i(Fir—1) |l
+ [|hij(Git—1)gi(F: ) hij(Gle—1)9i(Fi) I
+ 1hij(Gie) 9i(Fie—1) — ij(Gie) 9i( Fi—1)lp
= [[{hij(Gir) — hij(Gi) }gi(Fie) + hij(Gi){9i(Fir) — 9:(Fi) Hlp
+ [[{hij (Git—1) — hij(Gie1) }gi(Fir—1) + hij (Gl ){9i(Fie—1) — 9i(Fie—1) Hlp
+ 1H{hij(Gi—1) = hij(Gir—1) }9i(Fie) + hij(Gir )49 (Fie) — 9i(Fi) Hlp
+ 1{hij(Gie) — hij(Giy) Yai(Fi—1) + hij(Gi){9i(Fie—1) — 9i(Fie—1) Hlp
< Oap(hij, )[19i(Fo)ll2p + 02p (g, )| Pi (Gi)l2p
+ 02p(hig, t — D|gi(Fe—1)ll2p + 02p(9s T — D[P (Giy—1)l2p
+ 02p(hig, t = D)l gi(Fi)ll2p + 2(9i, )1 i (Gip—1) 2
+ 0ap(hij, )| gi(Fee1)ll2p + 2p(gis t — )73 (Giy) 25

zt])HP

where H!

it] —_— ( cey V’i(fl),ja Vz{O,j7 ViLj, ey Vit—l,j, Vit,j)7 glfm. = ( .. ,&( zOy’ &1], ceey
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§it—1,5, Girg) and Fjp = (..., Mi(—1), Mo> Mits - - - Mie—1, Tit) are coupled processes with v ;,
t0.; and nj, ; being i.i.d. copies of v, §io,; and 7. From this and Assumptions (C1),
(C3), (C4) and (C6), it immediately follows that Y oo, d,(a;, s) = O(t™%). O

We now show that the estimator ,@Z is v/ T'-consistent for each ¢ under our conditions.

Lemma A.5. Let Assumptions (C1), (C3) and (C4)-(C7) be satisfied. Then for each

1, 1t holds that
~ 1
Bi—Bi= Op(ﬁ)-

Proof of Lemma A.5. The estimator 32 can be written as

T T
_ ( S AXAX ) - > AXuAY
t=2 t=2

T T
t=2 t=2

T T T T
(L axax)) Y aXam, + (Y AXAX]) Y AX A,

t=2 t=2 =2 t=2
where AX;; = X — Xi—1, Aeyy = €5y — €i4—1 and Amy, = ml(%) — ml(%) Hence,
T

VT(B, - 8) =7 ZAXnAXZI) =Y AXeAmy
t=2

T
1 o
t=2 t=2
In what follows, we show that
T
— XZtAElt = (1) (AQ)
e
1 o !
(T Z AX itAXit> = 0,(1) (A.3)

% ; AXyAmy = O, (%) (A.4)

Lemma A.5 follows from applying these three statements together with standard argu-
ments to formula (A.1).

Since E[AX;;Acy] = 0 by (C7) and Y o2, dp(ai,s) = O(t~*) for some p > 2, a >
1/2—1/p and all j by Lemma A.4, the clalm (A.2) follows upon applying Lemma A.3.
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Another application of Lemma A.3 yields that

T
1 { 1
S axaax] -EAX.AX] ]} - 0p<—).
T VT
As E[AX;AX,]] is invertible, we can invoke Slutsky’s lemma to obtain (A.3). By as-
sumption, m; is Lipschitz continuous, which implies that |Am,| = |m;(%) —m,; ()] <
CJT for all t € {1,...,T} and some constant C' > 0. Hence,

< ‘AXit,j| . ‘Amit‘

o g-
M-

||
I\

T
1
‘— Z A X jAmy
VT3

t
T
1 1
< €N ax—o,( L)
— \/_ T ZQ t,j ’ p \/T
where we have used that T-' "1 |AX;, ;| = O,(1) by Markov’s inequality. This yields
(A.4). O

Lemma A.6. Let sy < T3, Under Assumptions (C1)-(C7),

‘/7\1'2 = ‘71'2 + Op(Til/g)

2

for each i, where G2 is the subseries variance estimator of o? introduced in (3.4).

Proof of Lemma A.6. Let Y := m;(t/T)+e¢;. Using simple arithmetic calculations,

we can rewrite 67 as 02 = 024+ 0:p — 02, where

- 2
~ 1 - - o o
U?,A = m Z_ Z ( i(t+msp) }/i(tJr(mfl)sT))
m=1 Lt=1
- 2
R 1 M ST
UZB = m Z Z(IB ,3@) ( i(t+msp) — Xi(tJr(mfl)sT))
m=1 [t=1
-~ 1 u - o o
0-120 = (M _ l)ST mZZI [; (}/i(t—o—msT) - i(t+(m—1)sT))

ST
X Z(lgz - IBZ>T (Xi(t-‘rmsT) - Xi(t+(m—1)sT)) :| .

t=1

By Carlstein (1986) and Wu and Zhao (2007), we have 67, = 07+0, (T~ '/*). Moreover,
under our assumptions, it is straightforward to see that 675 = O,(T~'/*) and 62, =
O,(T~13). O
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Proof of Theorem 4.1

We first summarize the main proof strategy, which splits up into five steps, and then
fill in the details. We in particular defer the proofs of some intermediate results to the

end of the section.

Step 1

To start with, we consider a simplified setting where the parameter vectors 3; are
known. In this case, we can replace the estimators 8; in the definition of the statistic

&\DH,T by the true vectors 3; themselves. This leads to the simpler statistic

2 oo, b
®,r = max max Lﬁ;) —Ah) ¢,
1<i<j<n (u,h)€Gr {a 3'}1/2
J

where

¢Z]T u, h Zth u, h gzt _51) (gjt - g])}

2

~2 —~
and o, is computed in exactly the same way as o; except that all occurrences of 3;

are replaced by 3;. By assumption, 67 = 02 + 0,(pr) with pr = 0o(1/1logT). For most
estimators of o? including those discussed in Section 4, this assumption immediately
implies that 512 = 02 + 0,(pr) as well. In the sequel, we thus take for granted that the
estimator 5? has this property. R

We now have a closer look at the statistic (:fian. We in particular show that there exists

an identically distributed version <fI;n,T of @n,T which is close to the Gaussian statistic

®,, r from (3.12). More formally, we prove the following result.
Proposition A.7. There exist statistics {(T)nT T =1,2,...} with the following two
properties: (i) 5,11 has the same distribution as </Isn7T for any T, and (i1)

|6n,T - CI)n,T‘ = 0p<5T)7

where o = Tl/q/\/Thmin + prvlogT and @, is a Gaussian statistic as defined in
(3.12).

The proof makes heavy use of strong approximation theory for dependent processes.

As it is quite technical, it is postponed to the end of this section.

Step 2

In this step, we establish some properties of the Gaussian statistic ®,, 7. Specifically,

we prove the following result.
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Proposition A.8. It holds that

supP(|®, 7 — 2| < dr) = o(1),
zeR

where 67 = TY9/\/Thy + prv/logT.

Roughly speaking, this proposition says that the random variable ®, r does not con-
centrate too strongly in small regions of the form [z — d7, x + d7| with dr converging to
0. The main technical tool for deriving it are anti-concentration bounds for Gaussian

random vectors. The details are provided below.

Step 3

We now use Steps 1 and 2 to prove that

sup [B(@,r < ) — B(@,7 < )| = o(1). (A.5)

zeR

Proof of (A.5). It holds that

sup [P(®pr < z) — P(Ppr < = ‘
z€R

~—

=sup |P(®,7r <z)—P(P,r < x)‘

zeR

= sup E[l(&)nj <z)—1P,r < x)} ‘

z€R

< sup E[{l(&)nT <z)—-1(P,r < $)}1(@nT - &, 7| < 5T)} ‘

z€eR

+ E 1(|(5n,T — CI)n,T| > 5T>] .
Moreover, since

E[1(|6n,T — CI)n,T| > 5T>] = P(’EIV)WT — (I)n7T| > 5T) = 0(1)

by Step 1 and
sup E[{@M <2)— 1(Dpr < 2) (| Bpr — Bpr| < 5T)} ‘
A

< sup]E[l(ICDnm — x| < 0p, [Py — Ppr| < 5T)}
z€R

< supP(|®,, 7 — 2| < dr) = o(1)
zeR

by Step 2, we arrive at (A.5). ]
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Step 4

In this step, we show that the auxiliary statistic </15an is close to @n’T in the following

sense.

Proposition A.9. It holds that
&\)n,T - (/I;n,T = 0p<5T)

with 07 = T /\/Thy + pr/logT.

The proof can be found at the end of this section.

Step 5

We finally show that

sup [P(,r < 2) — P(®,r < 7)| = 0(1). (A.6)

zeR

Proof of (A.6). To start with, we verify that for any € R and any 6 > 0,

P<$n,T <x- 5) — P(‘gn,T — an,T} > 5)

-~
o~

<P@r <2) <P(Dur <a+0) + B(|Byr — Bur| >5). (A7)

It holds that

and analogously

~

IP)(EI\),LT <zx-— 5) < P(EI\),LT < l‘) +P<‘$n,T — (/I;n,Tl > 5)

Combining these two inequalities, we arrive at (A.7).
Now let z € R be any point such that ]P’((T)WT <z)>P(®,r < z). With the help of
(A.7), we get that

P(@ur <a) = P(@ur < 2)| = P(Brr < 2) — P(®r < )

~
-~

< P<(I)n,T <z+ 5T> + ]P)(@n,T — a\)n:r‘ > 5T)
—P(®,r < )
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-~
o~

- P(cbn,T <a+ 5T> - P(@n,T <a+ 5T>
+P(Ppr <z +407) —P(Qp7 < )
$B(| R~ Bor| > 0r).

~

Analogously, for any point z € R with P(®, r < z) < P(®,, 7 < x), it holds that

o~

‘]P)(Ef)n,:r < JU) — ]P)(q)n,T < I)’ < ]P)<(I)n,T <z- 5T> — ]P)((/I;n,T <z- 5T>
+P((Dn,T < £L‘) — P(@n,T <x-— 5T)
+P<‘$n,T — &\)anl > 5T>

Consequently,
sup [P(Byr < 7) ~ B(@pr < )| < sup|[B(®,r < ) ~ B(®yr < 0)]

z€R zeR

+ SupIP’(]q)n,T —z| < 5T)
reR

+ ]P)(}EI\)WT — EISn,T‘ > 5T> .
Since the terms on the right-hand side are all o(1) by Steps 2-4, we arrive at (A.6). [

Details on Steps 1-5

Proof of Proposition A.7. Consider the stationary process & = {e; : 1 <t < T}
for some fixed ¢ € {1,...,n}. By Theorem 2.1 and Corollary 2.1 in Berkes et al. (2014),
the following strong approximation result holds true: On a richer probability space,

there exist a standard Brownian motion B; and a sequence {&; : t € N} such that

[€i1, - -, EiT] 2 [€i1, - ., &ir] for each T and
t
= _ 4R — 1/q
max ‘ Z_;am JJB%@(t)‘ o(T"?) as., (A.8)

where 07 = Y ez Cov(gio, €ix) denotes the long-run error variance. We apply this result
separately for each i € {1,...,n}. Since the error processes & = {e;; : 1 <t < T} are
independent across 7, we can construct the processes gz = {&€; : t € N} in such a way
that they are independent across i as well.

We now define the statistic CTDWT in the same way as ZI\Dn,T except that the error processes

).

&; are replaced by g’, Specifically, we set

QE;’,T(U, h)

Cin = max max
’ { (32 4+ 2)"°

1<i<j<n (u,h)E€Gr
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where .
Sijr(u,h) = > wir(u,h){(E —F) — G — 5)}

5 22 .
is constructed from the sample &; in the same way as o, is

. ~ ~ D 22
constructed from &;. Since [E1,...,57] = [en,...,&r) and G, = 07 + o,(pr), We

2

%

and the estimator o

have that 07 = o7 + 0,(pr) as well. In addition to @, 7, we introduce the Gaussian

statistic

i ) h
®,r = max max { %URQ - )\(h)}
1S9 @h)eor | (02 4 02) /
and the auxiliary statistic
i ) h
¢’ = max max { M —)\(h)},
; 1<i<j<n (u,h)E€Gr (51,2 +5]2) /

where ¢;;7(u, h) = Zthl wy(u, h){oi(Zis — Z;) — 0;(Z;s — Z;)} and the Gaussian vari-
ables Z;; are chosen as Z;; = B;(t) —B;(t—1). With this notation, we obtain the obvious
bound

B0 — Cr| < @ — B 7| + |82 7 — Dr-

In what follows, we prove that

~ R Tl/q
|(I)n7T o (I)an‘ = Op(m
|®Z7T - (I)an‘ = op(pry/logT), (A.10)

N————
—
>
Nej
~—

which completes the proof.

First consider ]&)nT — @7 7| Straightforward calculations yield that

T & ~9 | ~92\—1/2 e o
Cor — O p| < max @ +55) mex  max |0 (u, h) — iy (u, h)l}

= Op(l) - Imax max |$ij,T(U> h) — ¢ij,T(u> h)

1<i<j<n (u,h)€Gr

, (A.11)

where the last line follows from the fact that o7 = 02 + 0,(pr). Using summation by
parts (that is, Zthl a;by = ;[’:_11 Ay(by — biy1) + Arby with A, = 2;1 as), we further
obtain that

‘(gij,T(Ua h) — ¢z‘j,T(Ua h)|

T
= > wir(u, W{E — &) — € — &) — 0i(Zu — Z)) + 0,(Zjs — Zj)}‘
t=1
T—1
= ’ Z Aij,t (wt,T(U, h) - wt—i—l,T(ua h)) + Aij,TwT,T<u> h) )
t=1

47



where
'th - Z { Eis — Ez g]s g?) o Ui<ZiS o ZZ) + aj(st - Zj)}

and A;; 7 = 0 for all pairs (¢, j) by construction. From this, it follows that

}gij,T(% h) — ¢ijr(u, h)‘ < Wr(u, h) fg%XT | Aijt] (A.12)

with Wy (u,h) = 325" Jwipro(u, h) — wr(u, h)|. Straightforward calculations yield
that

+ max ‘ ( Z—O'lzl)
1<t<T

max |A;;;] < max ‘ g Eis — O E Zis
1<t<T 1<t<T
+ max‘ g Ejs — 0 g Zjs
1<t<T 1<t<T
t
§2maX’§ EiS—O'Z-E Lis —|—2max‘§ €js_0—j2 Z;
1<t<T 1<i<T | £~ -
S= S=

ﬂ@%&hsmzww—w*ﬂﬂ

4+ max ’ ( j—O'ij)

s=1
t
+21rgtag<T’Z€Js a]z; j() = By(s = 1)

t
2 | 22— oo 2y |5 B0
Applying the strong approximation result (A.8), we can infer that

1
e | Aijel = 0y (T'17).

Moreover, standard arguments show that max, pyeg, Wr(u, h) = O(1/v/Thpyi,). Plug-

ging these two results into (A.12), we obtain that

T1/q
; h i (u, h)| = <—>’
2%, s, VB (1) = b )] = o

which in view of (A.11) yields that |(§nT - 7| = 0p(TY/\/Thyin). This completes
the proof of (A.9).
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Next consider |®, ; — ®,, 7| It holds that

@ +aPP (P

~2 | ~9y—1/2 2 2\ —1/2
< max {32 +33) 7"~ (o7 +03) 7|} max mas [y h)|

=o0p(pr) max max |¢;7r(u,h)|, (A.13)

1<i<j<n (u,h)€Gr

Gijr(u, h) bijr(u, h) ’

o0 — nT}< max —max
’ 1<i<j<n (u,h)eGr

where the last line is due to the fact that 67 = o2 + 0,(pr). We can write ¢;;7(u, h) =
I II
Qbfg)ﬂ h) — ¢Ej7)v(u, h), where

quT Zth u, h) (0:Zy — 0;Z;) ~ N(0,07 + 07)

t=1

A0 = Y ) (= 0,2~ V(0.0 e

with cp(u, h) = {321 wer(u, h)}2/T < C < oo for all (u,h) € Gpand 1 < i < j <
n. This shows that ¢;;r(u, h) are centred Gaussian random variables with bounded
variance for all (u,h) € Gr and 1 < i < j < n. Hence, standard results on the

maximum of Gaussian random variables yield that

max max ‘@]Tuh)’ O,(/logT), (A.14)

1<i<j<n (u,h)eGr

where we have used that n is fixed and |Gy| = O(T?) for some large but fixed constant
6 by Assumption (C10). Plugging this into (A.13) yields [®} 7 — @, 7| = 0,(prv/1ogT),
which completes the proof of (A.10). O

Proof of Proposition A.8. The proof is an application of anti-concentration bounds
for Gaussian random vectors. We in particular make use of the following anti-concentra-
tion inequality from Nazarov (2003), which can also be found as Lemma A.1 in Cher-
nozhukov et al. (2017).

Lemma A.10. Let Z = (Zy,...,Z,)" be a centred Gaussian random vector in RP such
that E[ZJQ] > b for all1 < j <p and some constant b > 0. Then for every z € RP and
a>0,

P(Z <z+a)—P(Z < z) < Car/logp,
where the constant C' only depends on b.

To apply this result, we introduce the following notation: We write x = (u,h) and
Gr = {z1,...,2,}, where p := |Gr| < O(T?) for some large but fixed § > 0 by our
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assumptions. For k =1,...,pand 1 <i < j < n, we further let

¢z‘j,T(l“k1, l‘k2)

7 B Gijr(Tr1, Th2)
ij,2k—1 — {0_2 n 02}1/2
i j

and  Zjjor = — {07+ o717
i J

along with \jjor—1 = A(xk2) and Ao = A(zk2), where xp = (21, 252). Under our
assumptions, it holds that E[Z;;;] = 0 and E[Z7;] > b > 0 for all 4, j and I. We next
construct the random vector Z = (Z;;; : 1 <i < j <n,1 <[ < 2p) by stacking the
variables Z;;; in a certain order (which can be chosen freely) and construct the vector
A= (Nju:1<i<j<n,1<I[<2p)in an analogous way. Since the variables Z,;; are
normally distributed, Z is a Gaussian random vector of length (n — 1)np.

With this notation at hand, we can express the probability P(®,,r < ¢) as follows for

each g € R:

IP((I)n,T < q) = IP( max max {Zij,l — /\ij,l} S q>

- 1<i<j<n 1<I<2p

(Ziju < Niju + g for all (4, 4, l))

P
IP’(ZSA—{—Q).

Consequently,

P(|¢n,T —z| < 5T) = IP)(QC —or <P, <az+ 5T)
=P(®nr <z +67) — P(Ppr < )
+P(®pr <) —P(Ppr <z — b7)
=P(Z<A+z+0r) —P(Z<A+2)
—HF’(Z < )\+x) —IP’(Z < )x—i-x—(ST)
< 2067p+/log((n — 1)np),

where the last line is by Lemma A.10. This immediately implies Proposition A.8. [

Proof of Proposition A.9. Straightforward calculations yield that

By — (I)n,T’ < max max ?;]j(ig 1>2 o b (u, 1)/2
1SS w)eor | (57 157 2 (524 a?)

Q/gz‘j,T(U; h) Q/gij,T(uv h)
—|—1<1r£1a;>in Mmax |——=—— 5 — 5|
si<isn(whedr | (52 4-52) (62 + 52
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2
Since o; = 02 + o,(pr) and 67 = 0?2 + 0,(pr), we further get that

¢z‘j,T(Ua h) ¢z‘j,T(Ua h)
X AR 1T 2212 e o 1/2
<i<j<n (u,h)€Gr (Uz‘+‘7j) (gi2_|_g]2,)

~2 2\ —1/2 ~ ~2\ —1/2
< max {’<0i +0j) /2 (03+U]2) / ‘} max Imax
1<i<i<n 1<i<j<n (u,h)eGr

aij,T(% h) ‘

= op(pr) max max
1<i<j<n (u,h)eGr

Q/gz‘j,T(% h)’

and

¢ij,T(u7 h) ¢ij,T(u7 h)
1<I?<%‘}in ﬁl)agé 9 | ~\1/2 g | ~on1/2
- - ) T (O-’L + 0-]) (U’L + 0-])

< max {(afw;)*”} max  max |yr(u,h) — dyr(u, h)

T 1<i<j<n 1<i<j<n (u,h)€Gr

=0,(1) max max
1<i<j<n (u,h)€Gr

gz’j,T(ua h) - aij,T(Ua h)‘»

where the difference of the kernel averages aij:['(u, h) — aijy’_'['(u, h) does not include the

error terms (they cancel out) and can be written as

gij,T(Ua h) - Q/Z;ij,T<U7 h)‘

> (85 B (X = X0~ (8~ B) (X - X
Zwt,T(u, h)'

T
Z wy r(u, h)‘
t=1

+ }(ﬁz - E@)TXZ|

T
< ‘(/62 — Bz)T t_zl wy (u, h) Xt

+(8; - B))" X5

T
+ ‘(ﬁj -B)" ; wy (u, h) X

Hence,

~
o~

B, — Ppr| < 0p(pr)Anr + Op(V){2B, 1 + 20, 7}, (A.15)

where

A,r= max max
1<i<j<n (u,h)E€Gr

gz‘j,T(Ua h) ‘

B, r = max max
1<i<n (u,h)eGr

T
(Bi— BT Y wer(u, h) X
t=1

T

On,T = Imax }(ﬂz — BZ)TXZ| max

1<i<n (u,h)eGr

wer(u, h) ‘ )
=1
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We examine these three terms separately.
We first prove that

gij,T(u, h)‘ = 0,(y/10gT). (A.16)

A,r = max max
1<i<j<n (u,h)eGr

From the proof of Proposition A.7, we know that there exist identically distributed
versions &-jj(u, h) of the statistics Q/Zgz‘j7T(U, h) with the property that

T4
1<I£1<aj)§n (ur%)aé}é ‘¢1JT u, h) ¢ij,T(ua h)| = 0p<\/m>' (A17)

Instead of (A.16), it thus suffices to show that

max max
1<i<j<n (u,h)€Gr

i (u, h)‘ = 0,(/1ogT). (A.18)

Since for any constant ¢ > 0,

c/logT
P ( o [0ur(u, )] < )
2V

<P ( max Gijr(u, h)‘ m)
2,7,(u
logT’
—|—P( max ¢1]T u, h ‘— HlaX ’¢Z]T<u h)" @)
i, () e ’
S P ( Il’l(&)](l) (,bw T(u h‘)‘ m)
2,7,(u
logT’
+P ( In(a}é) ¢ZJT(U ]’L) ¢ij,T(ua h)’ > C\/;)T)
[2¥)

and P(max; j u,n) |gAz§Z-j7T(u, h) — ¢ijr(u, h)| > cv/logT/2) = o(1) by (A.17), we get that

]P’(Zgn(a)}i) (bUT(u h)‘ \/logT)
> P ( s [, )] < C—VlogT) —o(1).

i, (1, 2

(A.19)

Moreover, since max; ; .n) |¢ir(u, h)| = Op(v/1ogT) as already proven in (A.14), we
can make the probability P(max; ; (u.n) |¢ijr(u, h)| < cy/logT/2) on the right-hand side
of (A.19) arbitrarily close to 1 by choosing the constant ¢ sufficiently large. Hence,
for any 6 > 0, we can find a constant ¢ > 0 such that P(max; ; (.n) |G (u, h)| <
cy/logT) > 1 — § for sufficiently large T. This proves (A.18), which in turn yields
(A.16).
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We next turn to B, r. Without loss of generality, we assume that X, is real-valued.
The vector-valued case can be handled analogously. To start with, we have a closer
look at the term Zthl wer(u, h) Xy, By construction, the kernel weights w; r(u, h) are
unequal to 0 if and only if T'(u — h) <t < T'(u+ h). We can use this fact to write

[T(uth)]

Z wt,T(ua h)Xz't

t=|T(u—h)]

T
‘ Z Wy T (U, h)Xit
t=1

Note that

[T (u+h)] AQT(U h)
t )

T T
wE p(u, h) w; p(u ’ =1 (A.20)
Z i tzl Z Zstl AE,T(Ua h)

t=|T(u—h)) t=1

Denoting by Dr,; the number of integers between |7'(u — h)| and [T'(u + h)] (with
the obvious bounds 2Th < Dr, < 2Th + 2) and using (A.20), we can normalize the

kernel weights as follows:

[T(u+h)]

Z (\/ DT,u,h : wt,T(U, h))2 = DT,u,h-

t=|T(u—h))

Next, we apply Proposition A.2 with the weights a; = /Dy - wer(u, h) to obtain

that
[T(uth)]
P( Z V Drawp - wer(u, h) X > ﬂU)
t=|T(u—h)]

u+h)]
o (Zdi hJWM wer (1)) | X170

031'
C — A.21
* 2eXp( DT,u,h||Xi.||%,a> (4.21)

for any > 0, where || X;. ||q o = SUP;so(t+1)*>°7, 64 (hy, 5) is the dependence adjusted
norm introduced in Definition A.1 and HXi'HZ:,a < 00 by Assumption (C6). From
(A.21), it follows that for any 6 > 0,

[T(uth)]
P e | D0 (k)X 2 0T
t=|T(u—h))
[T(uth)]
< Y P ‘ S wir(u, ) X > 6T
(u,h)€Gr t=|T(u—h)]
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[T(u+h)]

Z P ‘ Z V' Drn - wer(u, h) X | > 0/ Dry, hT/q
(u,h)eGr t=|T(u—h)|

[ Dra )X Cs(6+/DpunT9)?
> Cl(\/ Tun)? (3 [wer(u, b)) ||q,a+02exp (_ SEDT\/h\T;\P ))]
Uy 112,

(wh)egr L (5\/ DT,u,th/q)q/
[ BIERIP Ak 272/
_ Z Cl (Z |wt,T(u7 )’ )H ||q 0 4 02 exp (_035 T q>

54T /4 1 X113,
(u,h)eGr L ’
%) X3 ||% [T (u+h)] C362T2/
<C e h O, T? 37 L
SO e W, (Zt=mu e (u, ) >+ ’ eXp( X3,
T0-4'/q
=0— + CT% exp (—CTY46?), (A.22)

where the constant C' depends neither on 7" nor on §. In the last equality of the above

display, we have used the following facts:
(i) HXZ||3:Q < 00 by Assumption (C6).

(ii) || X:.]13,, < oo (which follows from (i)).

iii) maxy p)e T(urh)] wy.r(u, h)|?7) < 1 for the following reason: By (A.20), it
(u,h)€Gr t \_T(u h

holds that 37/, qu(u h) =1 and thus 0 < wi(u, h) <1 for all ¢, T and (u, h).
This implies that 0 < [wyr(u, h)|7 = (wip(u, h))7? < wip(u,h) < 1forallt, T
and (u, h). As a result,

[T(u+h)] [T(u+h)]
max wer(u, b)Y | < max w2 (u,h) | =1.
Jmax (> ()T )< max (>0 wip(uh)
t=|T(u—h)] t=|T(u—h)]

Since 0 — ¢’ /q < 0 by Assumption (C4), the bound in (A.22) converges to 0 as T'— oo
for any fixed 6 > 0. Consequently, we obtain that

[T(uth)]
= 0,(T"7). (A.23)

max wer(u, h) Xy
(u,h)EGT

t=|T(u=h)]

Using this together with the fact that 8; — 8; = O,(1/v/T) (which is the statement, of

Lemma A.5), we arrive at the bound

B, r = max max
1<i<n (u,h)€Gr

1/q
o),

T
(Bi—B) ") wer(u, h) X,
t=1

We finally turn to C, . Straightforward calculations yield that |32, wyr(u, h)\ <
CVThuax = o(NT). Moreover, X; = O,(1/v/T) by Lemma A.3 and B; — B;
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0,(1/V/T) by Lemma A.5. This immediately yields that

C’T—max| BZTX| max
1<i<n

To summarize, we have shown that

~
o~

(I)n,T - 6n,T| S Op(pT)An,T + Op(l){2Bn,T + 2C’n,T}

= 0,(pr)Op(+/10g T) + op(T;f) + 0p(%>

This immediately implies the desired result. O]

Proof of Proposition 4.3

We first show that
P(®,r < gur(a)) =1—a. (A.24)

We proceed by contradiction. Suppose that (A.24) does not hold true. Since P(®,, 7 <
qnr(a)) > 1 — a by definition of the quantile ¢, r(«), there exists & > 0 such that
P(®,r < ¢ur(a)) =1 —a+ €. From the proof of Proposition A.8, we know that for
any 0 > 0,

]P)((I)n,T S qn,T(a)) - ]P)((I)n,T S Qn,T(a) - 5)
<supP(|®,r — 2| < 8) < 2C5/log((n — 1)np).

z€R

Hence,

}P’(CIDR,T < gnr(a) — 5) > IP’(CIDn,T < qn’T(a)) — 205\/10g((n — 1)np)
=1—a+£&—205/log((n —1)np) >1 -«

for 6 > 0 small enough. This contradicts the definition of the quantile g, () according
to which ¢, r(a) = inf g {P(®, 1+ < q) > 1 — a}. We thus arrive at (A.24).
Proposition 4.3 is a simple consequence of Theorem 4.1 and equation (A.24). Specifi-

cally, we obtain that under H,,

IP(Tr < (@) — (1= @)| = |P(Prr < gur(a)) — (1—a)
= [P(® AnT < gur(a)) = P(®pr < gur(@))|

< sup |IPJ nr <) = P(P,r < x)‘ =o(1).
FASIN
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Proof of Proposition 4.4

To start with, note that for some sufficiently large constant C' we have

= /2log{1/(2h)} < \/2log{1/(2hmi)} < C/logT. (A.25)

Write ¢ 7(u, h) = ZJT(u h) + zZJ”T( h) with

ng Zth u, h Ezt &)+ (Bi — Bi)T(Xit - X)) — m;
— (eje— &) — (B — By) (Xje — X;) + o}

i, T(U h) = ZtT_l wy(u, h) (mi,T (%) — myr (%))

where m;p = T~ mip(t/T). Without loss of generality, consider the following
scenario: there exists (ug, ho) € Gr with [ug — ho, up + ho] C [0, 1] such that

m;r(w) —mjr(w) > cpy/log T/(Thy) (A.26)

for all w € [ug — ho, ug + ho).
We first derive a lower bound on the term &57:,,(110, ho). Since the kernel K is symmetric
and uy = t/T for some ¢, it holds that St ;(ug, ho) = 0 and thus,

K ( %,;O“O)ST,Q(uO, ho)
{ Y K2<%;:0uo>5:2r,2(u07 ho)}l/z
RE

Together with (A.26), this implies that

~ log T
08 (g, ho) > ey Tgho Zth wo, o). (A.27)

Using the Lipschitz continuity of the kernel K, we can show by straightforward calcu-

wt,T(“Oa ho) =

lations that for any (u,h) € Gr and any natural number ¢,

AR ) - [ () wl < fy ao

where the constant C' does not depend on u, h and T. With the help of (A.28), we
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obtain that for any (u,h) € Gr with [u — h,u + h] C [0, 1],

T
VTh C
wer(u, h) — < —, (A.29)

where x = ([ K2(p)dp)'/? and the constant C' does once again not depend on u, h and
T. From (A.29), 1t follows that Y7 wyr(u, h) > V/Th/(2k) for sufficiently large T
and any (u, h) € Gr with [u — h,u + h] C [0, 1]. This together with (A.27) allows us to

infer that
cry/logT

o (A.30)

5,T(Uo, ho) >

for sufficiently large T
We next analyze Jgéj(uo, ho), which can be expressed as 1Z£7T(u0, ho) = aij;r(u, h) +

(M — mir) Sy wer(u, k). The proof of Proposition A.9 shows that

max max
1<i<j<n (u,h)€Gr

Oijr(u, h)| = Oy(v/10g D).

Using this together with the bounds m; r < C/T and 3.,_, wyr(u, h) < CV/T, we can
infer that

max Imax @b;‘j‘»
1<i<j<n (u,h)€Gr '

()|
Qgij,T(u; h) + (mjr — mir Zth u, h) ‘ = O0,(\/logT). (A.31)

t=1

= maxX max
1<i<j<n (u,h)€Gr

With the help of (A.30), (A.31), (A.25) and the assumption that 7 = 07 + 0,(pr), We
finally arrive at

\/I}nT> max —max M— max —max {M—i—)\(h)}

1<i<j<n (u,h)EGr { + 02}1/2 1<i<j<n (u,h)eGr { + 032}1/2

= max max M—I—Op(\/logT)

1<i<j<n (uh)eGr {07 ”\2.}1/2

CT\/logT

~27-1/2
2 —5- 1<rgl<1]rl<n{0 +05} 7+ 0p(V1ogT)
= IVO8T Vzlng 0,(1) + 0,(\/log T). (A.32)

Since ¢, () = O(y/logT) for any fixed a € (0,1) and ¢r — oo, (A.32) immediately
implies that ]P’(\Tln;p < gnr()) =o0(1).

57



Proof of Proposition 4.5

Denote by My the set of quadruples (, j,u, h) € {1...,n}? x Gp for which H([)i’j] (u,h)
is true. Then we can write the FWER as

FWER(a) = IP(EI(Z J,u,h) € Mg : Q/JU r(u,h) > gpr(a ))

- ( ,Jinl?De(Mo ”T(u h) > gnr(@ ))
=P, 5, Pl > ()
<P( s max B h) > (o)
:P< nt > Gur(a)) = a+o(1),

where the third equality uses that @@?jk’T = gE?th under H(gi’j Yu, h).

Proof of Proposition 5.1

For the sake of brevity, we introduce the following notation. For each ¢ and 7, we define
the statistic W;;7 = max(unego, @ZA)%’T(u,h) which can be interpreted as a distance
measure between the two curves m; and m; on the whole interval [0,1]. Using this

notation, we can rewrite the dissimilarity measure defined in (5.1) as

A(S,8") = max \IIU T
jeS’

Now consider the event

B T:{ max max U, 7 < g, T and min  min U, T > Qn.T }
" \<U<N i jeGy, D Gn.r(0) \<O<U'<N i€Gy, Gn.(0)
JEGH

The term max;<¢<y max; jeq, \Tlij,T is the largest multiscale distance between two time
series 7 and j from the same group, whereas min; <<y <y minieg,, jeq, \T/ij;p is the small-
est multiscale distance between two time series from two different groups. On the event
B, r, it obviously holds that

max max \IJZ] < min min \IJZJT (A.33)
1<¢<N i,jEGy T 1<U<l!' <N i€Gy,
JEG

Hence, any two time series from the same class have a smaller distance than any two
time series from two different classes. With the help of Proposition 4.3, it is easy to see
that

P(ﬁﬁ%\/}?&ﬁ Uit < gur(a )) > (1—a)+o(1).
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Moreover, the same arguments as for Proposition 4.4 show that

< = .
P(,_min min ¥y < g,:r(a) ) = o(1)
JEG

Taken together, these two statements imply that
P(Bnr) > (1—a)+o(1). (A.34)

In what follows, we show that on the event B, (i) {GI"™, ..., @[N”*N]} ={Gy,...
.Gy} and (i) N = N. From (i), (i) and (A.34), the statements of Proposition 5.1

follow immediately.

Proof of (i). Suppose we are on the event B, 7. The proof proceeds by induction on
the iteration steps r of the HAC algorithm.

Base case (r = 0): In the first iteration step, the HAC algorithm merges two singleton
clusters @ED] = {i} and @E-O} = {j} with 7 and j belonging to the same group G;. Thisis a
direct consequence of (A.33). The algorithm thus produces a partition {@gl], ce @Ll]_l}
whose elements @E] all have the following property: @Ll} C G|, for some k, that is, each

cluster CA}E] contains elements from only one group.

Induction step (r ~ r + 1): Now suppose we are in the r-th iteration step for some
r < n—N. Assume that the partition {G!’,..., G, } is such that for any ¢, @g] C Gy
for some k. Because of (A.33), the dissimilarity 3(@?1,@5]) gets minimal for two
clusters @W and CAJ[T] with the property that CAJ[T] U @ ' C G}, for some k. Hence, the

HAC algorithm produces a partition {G; TH] G[T+1r+1 } whose elements G?”+1] are

all such that GLTH C G, for some k.

The above induction argument shows the following: For any » < n — N, the partition
(G ... G} consists of clusters @LT] which all have the property that @E"] C G, for

some k. This in particular holds for the partition {(A}’[lan], ce @%*N]}, which implies
that {GI"™, . GU™) = {Gy,..., Gy} O
Proof of (ii). To start with, consider any partition {@[1”‘“, . ,@L"‘T]} with r < N

elements. Such a partition must contain at least one element @Lniﬂ with the following
property: @LTH’] NGy # 0 and @Lﬂ’*r] N Gy # 0 for some k # k’. On the event B, 7, it
obviously holds that A(S) > ¢nr(a) for any S with the property that S NGy # 0
and SN Gy # 0 for some k # k’. Hence, we can infer that on the event B, r,
maxi << 3(@”"”) > gpr(a) for any r < N.

Next consider the partition {GI" ™", ..., G} with » = N and suppose we are on
the event B, r. From (i), we already know that {GI"™, ... GU™™ = {G4,...,Gn}.
Moreover, K(Gg) < gnr(a) for any (. Hence, we obtain that maxj<,<ny A(Gn N])

maxi<e<n 3(G(Z) S Qn,T( )
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Putting everything together, we can conclude that on the event B, r,

min{rzl,?,...

[n 7’] < } —
E?éA(G ) qn,7(¥) N,
that is, N = N. O

Proof of Proposition 5.2

We consider the event

D :{CTD < o) and min min ¥ > }
nT nt < gnr(Q) \<b<t/'<N icGy, T Gn.r(0)

JEGy
where we write the statistic &)H,T as
- igor(u, h) = DU (u, )
®, 7= max max {‘ J: ‘ — Ah }
T T G <n (uh)eGr (67 +07)1/2 ()

with QP (u, h) = 32y wer (uy ) (mi e (8/T) =mir) = (myr(t/T) =) } and imye =
T S mir(t/T). The event D, ¢ can be analysed by the same arguments as those
applied to the event B, r in the proof of Proposition 5.1. In particular, analogous to

(A.34) and statements (i) and (ii) in this proof, we can show that

P(Dyr) > (1 — ) 4 o(1) (A.35)
and
Dpp € {N =N and G; = G, for all ¢}. (A.36)
Moreover, we have that
DrC () EY), (A.37)
1<b<t'<N

which is a consequence of the following observation: For all 7, j and (u, h) € Gy with

wij,T(U, h) - g,eil“ld<u7 h)

5= ) > )
CEEAE ()

— A(h) < gnr(a) and

(52 +02)1/2 Rk

¢2]T u, h ‘ i
it holds that A};f}ld(u, h) # 0, which in turn implies that m;(v) — m;(v) # 0 for some
v € I, . From (A.36) and (A.37), we obtain that

Dur{ () B} n{N=Nand G =G forall £} = B, r(a).

1<0<t'<N

This together with (A.35) implies that P(E, r(a)) > (1 — «) + o(1).
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